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In  this  paper  we  study  topological  properties  of  multi-Hilbertian  spaces 
and  their  duals,  hoping  that  this  will  serve  as  an  introduction  to  a  study 
of  probability  problems  on  these  spaces.  We  tried  to  clearly  distinguish 
properties  that  are  consequences  of  nuclearity  from  those  that  hold  on  non¬ 
nuclear  spaces.  <y" 

In  section  5,  wy  propose  a  non-standard  completion  theorem,  removing 
the  condition  of  "compatibility"  of  norms,  a  condition  that  seems  to  be 
overlooked  in  most  probability  papers  in  this  area.  Also,  we  give  a  detailed 
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rigorous. 
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0  Introduction 


In  the  last  several  years  there  has  been  a  remarkable  amount  of  work  in 
probability  on  infinitely  dimensional  spaces,  in  particular  on  nuclear  spaces. 
Although  the  most  of  work  has  been  done  in  nuclear  spaces,  some  of  the 
basic  theorems  (for  instance,  Ito’s  regularization  theorem),  are  given  in  a 
much  more  general  context  of  multi-Hilbertian  spaces. 

In  this  paper  we  study  topological  properties  of  multi-Hilbertian  spaces 
and  their  duals,  hoping  that  this  will  serve  as  an  introduction  to  a  study 
of  probability  problems  on  these  spaces.  We  tried  to  clearly  distinguish 
properties  that  are  consequences  of  nuclearity  from  those  that  hold  on  non¬ 
nuclear  spaces. 

In  section  5,  we  propose  a  non-standard  completion  theorem,  removing 
the  condition  of  "compatibility”  of  norms,  a  condition  that  seems  to  be 
overlooked  in  most  probability  papers  in  this  area.  Also,  we  give  a  detailed 
account  on  open,  bounded  and  compact  sets.  Elaborated  proofs  are  left 
for  appendices,  and,  as  a  result,  appendices  occupy  a  considerable  space. 
This  is  mostly  due  to  results  related  to  seminorms  that  we  wanted  to  make 
rigorous. 

The  results  that  are  given  in  this  paper  are  selected  with  a  purpose  to 
serve  as  a  basis  for  probability  investigation;  the  topology  alone  was  not  the 
aim.  As  a  continuation  of  this  work,  we  plan  to  investigate  o-  algebras 
and  probability  measures,  and  weak  convergence  of  measures  in  a  general 
context  of  multi-Hilbertian  spaces.  Also,  we  plan  to  investigate  examples  of 
interest  in  applications. 
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1  Seminorms 


Let  £  be  a  real  vector  space.  Unless  stated  otherwise,  it  will  be  assumed 
that  all  vector  spaces  are  defined  over  the  field  of  real  numbers. 

1.  Definition.  A  real  valued  function  p  defined  on  E  is  called  a  semi- 
norm  if  for  all  x,xj,x2  6  E  and  all  a  G  R: 

( * )  P(x)  >  0 

(**')  p(a*)  =  MjK*) 

(***)  p(*i  +  x2)  <  p(xi)  +  p(x2) 

( iv )  p(x)  >  0  for  some  x  €  E. 

2.  Definition.  A  seminorm  on  E  is  called  a  Hilbertian  seminorm  if,  for 
all  xj,X2  G  E  : 

P2(* i  +  x2)  +  p2(xi  -  x2)  =  2(p2(xi)  +  p2(x2)) 

For  a  Hilbertian  seminorm  p  ,  define 

p(Xi,X2)  =  ^(p2(ll  +X2)  -p2(x !  -  X2)) 


3.  Definition.  A  seminorm  p  is  called  separable  if  there  is  a  countable 
set  D  C  E  such  that 

(Vx  e  E)(Ve  >  0)(3 d  6  D)p(x  -  d)  <  e, 
i.e.,  if  the  set  D  is  p  -  dense  in  E. 

4.  Remark.  It  can  be  shown  that  p(-,-)  satisfies  axioms  of  an  inner 
product,  except  that  p(x,x)  can  be  0  even  if  x  ^  0.  It  is  important  to 
remark  that  Cauchy-Schwartz  inequality  p(x i,z2)  <  p(xi)p(x2)  holds  for 
seminorms.  Using  this  inequality  it  can  be  shown  that  p(xn  -  x)  — *  0  and 
piVn-y )  — *  0  together  imply  p(xn,  yn)  — ►  p(x,  y).  More  details  on  seminorms 
are  given  in  Appendix  A. 
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2  Operators  on  Hilbert  spaces 

1.  Definition.  Let  H\,H2  be  separable  Hilbert  spaces  with  norms  ||.||i 
and  ||.||2  ,  inner  products  {-}i  and  {-^  and  orthonormal  bases  {en}  and  {hn} 
respectively.  Let  A  be  a  linear  map  Hi  — *•  Hi-  We  define  the  following 
classes  of  operators: 

A  is  a  compact  operator  if 

Ax  —  ^  1  ^n)h m  (1) 

where  tn  J.  0  .  m 

A  is  a  Hilbert- Schmidt  operator(HS)  if  (1)  holds  with  <  °°- 
A  is  a  nuclear  operator  if  (1)  holds  with  tn  <  oo.  (tn  >  0). 

2.  Remark.  For  a  compact  operator  A  the  image  A(S)  of  the  unit 
sphere  of  H\  is  a  relatively  compact  set  in  H?. 

3.  Definition.  Let  A  be  an  operator  A  :  H  —>  H .  Then 

A  is  a  trace  class  operator  if  £  |{Ae„,  en)|  <  oc,  for  any  ON  basis  {en} 
in  H . 

A*  is  the  adjoint  mapping  of  A  if  ( Ax,y )  =  (x,A*y)  for  all  x  ,y  E  H. 

A  is  a  self-adjoint  operator  if  A*  =  A. 

A  is  positive  if  A  is  self-adjoint  and  Y2aidj(xi,Xj)  >  0,  for  any  set  of 
complex  numbers  {a,}  . 

4.  Theorem.  Let  A,B  be  operators  H  —*  H.  Then: 

(i)  If  A  and  B  are  HS  operators,  then  AB  is  a  nuclear  operator. 

( H)  If  A  is  a  compact  positive  operator,  then  A  is  nuclear  if  and  only  if 
it  is  a  trace  class  operator. 

(iii)  If  A  is  a  nuclear  operator,  then  A*  is  also  nuclear.  The  same  holds 
true  for  HS  property. 

(in)  If  A  is  a  positive  nuclear  operator,  then  there  exists  a  positive  US 
operator  A1/2  ,  such  that  (A1/2)2  =  A. 

( v )  A  positive  compact  operator  A  can  be  represented  as 

Ax  —  In  {x,  en}en , 

where  {en}  are  eigenvectors  and  tn  are  eigenvalues  of  A. 

Let  A  be  an  operator  H\  — *  H 2. 

( vi )  A  is  HS  if  and  only  if  ||Ae„||2  <  00  and  it  is  nuclear  if  and  only 
>f  Hr,  KAe„,en)2|  <  00,  where  {en}  is  an  orthonormal  base  in  // 2.  These 
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properties  hold  for  one  orthonormal  base  if  and  only  if  they  hold  for  every 
orthonormal  base  in  H i- 

( vii )  A  is  a  compact  operator  if  and  only  if  the  image  of  every  bounded 
set  in  Hi  is  a  compact  set  in  Hi- 

Proof:  See  Gelfand  and  Vilenkin,  ch.l. 

5.  Lemma.  If  p  is  a  Hilbertian  seminorm  on  a  Hilbert  space  H ,  con¬ 
tinuous  with  respect  to  the  norm  ||  •  ||  on  H  ,  then  p(x)  =  ||/lx|j  ,  for  some 
continuous  linear  operator  A. 

Proof:  Assume  first  that  p  is  a  norm.  Define  the  inner  product  p(x,y) 
,  as  in  the  Definition  2.  For  any  fixed  x  £  H  ,  p(x,-)  is  a  continuous  linear 
functional  on  H  ;  therefore  ,  by  Riesz  representation  theorem,  p(x,y)  = 
(xo ,y)  .  Define  an  operator  ,  by  <p(x)  =  Xo  (x  £  H)  .  By  properties  of 
an  inner  product  p(-,-)  ,  <p  is  a  positive  linear  operator;  let  A  =  ip1/2.  Then 
p(x,y)  =  (Ax,  Ay)  and  the  assertion  follows. 

3  Definition  of  Multi-Hilbertian  spaces 

The  family  of  all  separable  Hilbertian  seminorms  will  be  denoted  by  HSN 

1.  Lemma.  If  p  6  HSN  then  cp  €  HSN(c  >  0). 

2.  Lemma.  lip\,...,pn  €  HSN,  then  p  €  HSN,  where  p  is  defined 

by 

P(z)  =  (P?(*)  +  ■■■Pl{x))l/2  =f  \/  P«(*)  (!) 

1=1 

Proof:  Only  the  triangle  inequality  needs  to  be  proved.  Using  Minkow¬ 
ski  inequality,  we  have: 

p(x  +  y)  =  (£p?(x  +  y))1/2  <  (X](P.2(x)  +  Pl(y))l/2 

<  (EP;(*))1/2  +  (5>?(y))1/2  (2) 

=  p(*)  +  p(y)- 

3.  Definition.  Ifp,<7€  HSN,  we  write  p  -<  q  if  p(x)  <  cq(x)  for  some 
c  £  R+  and  all  x  6  E. 


4.  Let  Ep  =  ( E,p ),  i.e.  E  with  the  topology  defined  by  a  seminorm 
p.  Let  ker(p)={x  £  E\p(x)  =  0}  Then  £p/ker(p)  removes  the  defficiency 
of  seminorms  and  becomes  a  normed  space  with  an  inner  product  p(  - ,  • ) . 
It  may  not  be  a  Hilbert  space,  as  it  need  not  be  complete.  Let  Ep  be  the 
completion  of  £'/ker(p)  with  respect  to  p  ;  it  can  be  identified  with  the  union 
of  E  and  all  limit  points  of  Cauchy  sequences  in  E.  Ep  is  a  Hilbert  space. 

If  p  -<  q  then  the  identity  mapping 


iPiq  :  Eq  —>  Ep 


(3) 


is  continuous,  by  q(x)  <  e  =>  p(i(x))  =  p( x)  <  e/c.  Let  us  extend  it  to 

ip,q  :  £,/ker(g)  -►  £'p/ker(p) 
by 

iPtq(x  +  ker(q))  =  x  +  ker(p)  ( 4 ) 

Let  us  show  that  the  mapping  defined  by  (4)  is  well  defined,  i.e. 

2/1 , J/2  €  x  +  ker(q)  =>  y\,y2  6  x  +  ker(p)  (5) 


Indeed,  yi,y2  £i  +  ker($)  <=>  q(yi  -  y2)  =  0  and  q(yx  -  x)  -  0  => 
PiVi  -  J/2)  =  0  and  q(yi  -  x)  =  0  <=>■  J/1,1/2  G  x  +  ker(p),  where  in  the 
last  step  we  used  the  fact  that  p  -<  q.  Note  that  the  mapping  (4)  is  not 
invertible,  by  p(x  -  y)  =  0  ^  q(x  -  y)  =  0. 

Let  us  now  go  through  completion.  Suppose  x  G  Eq.  Then  there  is  a 
sequence  xn  £  £7/ker(^), q(xn  -  x)  — *  0.  So,  {xn}  is  a  ^-Cauchy  sequence, 
thus 

q{xm-xn)^  0  oc) 

Therefore: 


P{ip,q(%m)  ip,q(xn))  *  0 

and  ip,q(xn)  is  a  p-Cauchy  sequence.  So.  there  is  an  y  G  Ep.  such  that 
p-lim  zPt(J(in)  =  y.  Define  ip,q{x)  =  y.  Now  the  mapping  ipq  is  extended  to 

ip.q  '■  Eq  *  Ep  ( (> ) 

This  is  clearly  a  linear  continuous  mapping. 

For  x  £  Eq,  let  us  define  p(x)  =  p(ipqx).  On  Eq,p  is  only  a  semi¬ 
norm, whereas  q  is  a  norm  on  the  same  space,  as  we  have  seen. 
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5.  Definition.  Let  p,q  be  Hilbertian  semi-norms. We  say  that  p  <  ms  q 
if  p  -<  q  and  iPi9  :  Eq  —  Ep  is  a  HS  operator. 

6.  Lemma.  Suppose  that  {en}  is  an  orthonormal  base  in  Eq.  Then 
P  <HS  q  if  and  only  if  p  <  q  and 

xy(we"))  <  °° 

n 

Proof:  By  2.4(vi). 

7.  Lemma.  Suppose  that  p  <  ms  q-  Then  the  quantity  defined  by  (7) 
does  not  depend  on  the  choice  of  an  orthonormal  base  {en}  and  depends 
only  on  p  and  q. 

Proof:  See  Appendix  A. 

8.  Definition.  Let  II  =  {Pj}j£j  be  a  family  of  HSN  (separable  Hilber¬ 
tian  semi-norms)  on  E  such  that 

(Vx,y  6  E  :  x  ^  y)  (3p  6  Jl) p(x  -  y)  ^  0  (8) 

Define  the  topology  r  by  a  basis  of  neighborhoods  of  0: 

{x  e  e  |  pi(x)  <  £i,...,pn(x)  <  £■„}  (n  e  N,pi,...,pn  e  n) 


Topology  r  is  called  a  multi- Hilbertian  topology( determined  by  II). 

The  space  E  with  the  topology  r  determined  by  II  is  called  a  multi- 
Hilbertian  space.  In  this  situation,  we  will  use  notation  [E,t,  n)  or  (E.r). 

To  avoid  trivial  cases,  we  will  assume  that  II  contains  at  least  countably 
many  topologically  non-equivalent  seminorms. 

9.  Lemma.  If  r  is  a  multi-Hilbertian  topology  determined  by  a  family 
n,  then  it  is  also  determined  by  a  family  n'  defined  by: 

n 

n'  =  {<?  |  q  =  V  Pi,n  6  N) 

1=1 

Proof:  We  have  to  show  that  neighborhood  bases  of  0  are  equal  .  Let 
U  be  an  element  of  neigborhood  basis  of  0  generated  by  11  : 
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U  =  {x  e  E  |  Pl(x)  <  £i  ,...,Pn(x)  <  £nj 


Then  U  C  V, where 

V  =  {x  e  E  |p?(ar)+  •  .-  +  ?*(*)  <  n£2}  (e  =  max{^, . . . ,£*}) 

i.e., 

V  =  {x  e  E  |  \/  pi(x)  <  £y/n} 

i= 1 

Suppose  that  V  is  a  neighborhood  of  0  in  II': 

ni  nk 

v  =  {x e e i  y pu{x) < £i,...,y pki{x) < £k}- 

1=1  t=l 

Then  V  C  U,  where 

V  =  {x  e  E  |  pi(x)  <  £i,...,pk(x)  <  £k}- 

Therefore,  both  II  and  II'  generate  the  same  topology  r. 

10.  Remark.  In  the  view  of  Lemma  9,  we  may  assume  (when  we 
need  it)  that  r  is  determined  by  a  directed  system  of  seminorms.  If  II  is  a 
countable  set,  then  then  we  may  assume  : 

n  =  {pi  i  P2i  •  •  •}  (Pi  <  Pi  <  •••) 

In  any  multi- Hilbertian  space  we  may  also  assume  (without  loss  of  gen¬ 
erality)  the  following: 

n 

If  pi,...  ,pn  €  II,then  there  is  a  po  £  II  such  that  \J  pi  ■<  p0. 

i=i 

The  latter  asssumption  is  a  techical  requirement  that  will  be  useful  later. 
By  Lemma  9,  it  does  no*  affect  the  topological  structure  of  r. 

11.  Remark.  Notation  p  =  Vt*=i  P«  ‘s  ^ue  to  ^act  that  the  p- 
topology  on  E  is  coarser  (weaker)  than  any  topology  which  is  finer  (stronger) 
than  any  of  pi  .  Let  us  prove  this  fact: 
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Suppose  that  ip  is  a  topology  finer  than  any  of  topologies  determined  by 
Pi(i  =  1, . . .  ,n).  So,  for  every  i  =  1,. . .  ,n  :  If  a  set  A  is  p,-open,  then  A  is 
ip- open.  Suppose  now  that  A  is  a  p-open  set.  For  every  x  G  A  there  is  an 
e  >  0  such  that 


{y  I  P(x  -  y)  <  s}  C  A. 


Therefore, 


W  =  (~}{y  |  pi(x  -y)<  £/Vn}  C  A. 

t=i 

W  is  an  intersection  of  sets  in  p,-  topologies,  so  W  C  ip,  thus  A  is  open 
in  ip,  which  shows  that  p-  topology  is  weaker  than  ip.  If  p\  <  p2  <  .  - .  p„  , 
seminorms  p  =  V?=i  and  p„  generate  the  same  topology  and  so  Ep  —  EPn. 

12.  Definition.  We  say  that  a  set  B  C  E  is  bounded  if  for  every  p  6  II, 
the  set  of  real  numbers  {p(z)|z  G  B}  is  bounded.  Thus,  B  is  (r-)  bounded 
if  and  only  if  it  is  bounded  for  every  p  G  II  and  if  and  only  if  for  every 
neighborhood  U  of  0  there  is  a  A  £  R  such  that  \B  C  U. 

13.  Theorem.  (Properties  of  (E,t).) 

( i )  ( E ,  t)  is  a  locally  convex  linear  topological  space  ,  and  Ep  is  a  locally 
convex  linear  topological  space  for  every  p  G  II. 

(li)  xa  — >  x  if  and  only  if  p(z0  -  z)  0  for  all  p  G  II 

(«0  flpgn  ker(p)  =  0. 

( iv )  ( E,r )  is  a  HausdorfF  space. 

( v )  If  a  set  A  is  open  in  at  least  one  p  G  II  tlvm  it  is  open  in  r.  (I.e.,  r 
is  stronger  than  any  p-topology.) 

( vi )  If  a  set  B  is  compact  in  r-topology  then  it  is  compact  in  every 
p-topology  (but  not  necessarily  closed  in  p— topology,  because  P  is  only  a 
seminorm. 

Proof:  (i)  follows  from  the  convexity  of  the  set  (z|p(z)  <  e}.  The  proof 
of  ( ii )  is  easy,  (iii)  can  be  proved  using  the  condition  in  Definition  8:  for 
every  z  G  E,x  ^  0  there  is  a  p  G  II  such  that  p(z)  ^  0  ;  thus  (iii).  (in) 
follows  from  (iii)  and  the  fact  that  Ker(p)  is  a  r-closed  set  for  every  p  ;  this 
shows  the  closedness  of  {0}  and  thus  the  HausdorfF  property.  To  prove  ( v )  it 
suffices  to  remark  that,  by  Definition  8,  any  set  (z|p(z)  <  s}  is  an  element 
of  neighborhood  basis  of  r  topology,  (vi)  follows  directly  from  (v). 
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4  Dual  spaces 

1. Definition.  Let  (F,  r)  be  a  multi-Hilbertian  space.  We  say  that  a  linear 
functional  F  defined  on  E  is  r-continuous  if 

xa  -4  x  =>  F{xa)  — ►  F(x) 

(a  is  a  net).  The  set  of  all  continuous  linear  functionals  on  ( E ,  r)  is  denoted 
by  E1  or  E't.  If  F  6  E'T ,  then  F  evaluated  at  x  €  F  is  denoted  by  (F,  x). 

2.  Lemma.  (F,  x)  separates  points  in  both  E  and  E'. 

Proof:  If  F\  /  F2,  then  there  is  an  1  6  £  such  that  ( F\,x )  ^  (F2,x). 
Conversely,  suppose  Xj  ^  X2  and  (F,  Xi)  =  (F,  x 2)  for  all  F  6  E'.  Then  by  a 
Hahn-Banach  theorem  (appendix  D.5)  we  conclude  that  Xi  — 12  =  0  ,  which 
is  false. 

3.  Definition.  The  strong  topology  on  E'  is  determined  by  seminorms 

\[F\\b  =  supl6B|(F,x}|, 
where  B  is  a  bounded  set  in  E. 

We  say  that  a  subset  A  of  E'  is  bounded  (or  strongly  bounded )  if  it  is 
bounded  in  all  seminorms  ||F||B. 

4.  Definition.  The  weak-*  (or  w-*)  topology  on  E'  is  determined  by 
seminorms 

l|F|U  =  |(F,x)|  (xeE) 

We  say  that  a  subset  A  of  E'  is  weakly  bounded  if  for  every  x  6  F. 
suPF€aK^*)I  <  00. 

5.  Definition.  The  weak  topology  on  E  is  determined  by  seminorms 

IMIf  =  \{F,x)\ 

We  say  that  a  subset  B  of  E  is  weakly  bounded  if  for  every  F  6  F\ 
suPx€fl  l(*»l  <  °°- 

6.  Remark.  A  set  B  is  weakly  bounded  if  and  only  if  it  is  strongly 
bounded  (appendix  D.8). 
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7.  Definition.  Let  Ep  denote  the  topological  dual  of  E  with  respect  to 
the  seminorm  p;  i.e.,  Ep  contains  all  linear  functionals  on  E  satisfying 

p(xa  -  x)  —>  0  =>  F(xa  -  x)  -*•  0 


8.  Lemma.  E'p  is  a  Hilbert  space  with  the  norm 

P(F)=  sup  \(F,x)\ 

p(*)<  1 

Proof:  In  appendix  C  it  is  proved  that  Ep  is  isomorphic  and  isometric 
to  the  dual  space  of  Ep,  which  is  a  Hilbert  space. 

9.  Lemma.  Let  (E,r,  n)  be  a  multi-Hilbertian  space  .  Then 

e'  =  U  K 

pen 

Proof:  (a)  Let  F  6  E'p  for  some  fixed  p.  Suppose  that  xa  — ►  x  in  r. 
Then  p(xa  -  x)  —*■  0  ,  and  thus,  (F,xa)  — ►  { F,x );  so  F  6  E'. 

(b)  In  this  part  of  the  proof,  we  assume  that  n  is  directed  (in  the  sense 
of  Remark  3.10).  Let  F  €  E',  i.e.,  F  is  continuous  with  respect  to  r.  Then 
by  continuity  at  0,  we  have: 

(Ve  >  0)(3V;)(Vx  e  Ve)  |  {F,x)\  <  e  , 

where  Ve  =  {x  \  Pi,(x)  <  fi, . . .  ,Pin{x)  <  £n}-  If  p  G  n,  such  that 
P  -<  Vr=iP.„,  then: 

(Ve  >  0)(3«  >  0)(3p€  n)(Vx  €  E)(p(x)  <  6  =>  |(F,x)|  <  s)  (1) 
Now,  take  e  =  1  and  let  p\,b\  be  as  in  (l).Then  we  have: 

(Vx  e  E)p\(x )  <  6  =>  |(F,x)|  <  1  (2) 


Then  (2)  implies: 

(Vn  €  N)(Vx  €  E )  pi(x)  <  6/n  =>  p\(nx)  <  6  =>  |(F,  nx)|  <  s 

=>  \(F,x)\<£/n. 

Therefore,  F  is  continuous  with  respect  to  pi,  i.e  ,  F  €  Epi . 
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The  following  two  lemmas  are  easy  to  prove. 


10.  Lemma.  If  p  ■<  q  then  9-<P  and  Ep  C  E'q. 


11.  Lemma.  If  p  <  q  then  every  9-open  set  is  also  a  P-open  set;  so  the 
9-topology  induced  on  E'p  is  coarser  than  P-topology. 

12.  Remark.  On  each  Ep  there  are  four  different  topologies  that  can 
be  considered.  These  are: 

a)  Strong  topology  of  E'r 

b)  Weak-*  topology  of  E'T 

c)  P-topology 

d)  All  9-topologies  with  p  -<  q. 

In  Lemma  9,  a  relation  between  c)  and  d)  is  given.  For  simplicity,  let  us 
assume  that  p  <  q.  Then,  if  Kp,  Kq  are  unit  balls  in  p  and  q  respectively, 
we  have  for  every  x  £  E: 


A{x}  C  B  C  Kq  C  A'p 

for  some  A  £  R  and  some  bounded  set  B  C  E.  Therefore, 

weak-*  topology  is  weaker  than 
strong  topology  is  weaker  than 
9-topology  is  weaker  than 
P-topology. 

If  the  topology  is  not  explicitly  specified,  we  will  always  assume  that  E'p 

<*s* 

is  equipped  with  P-  topology  and  E'T  with  strong  topology. 

13.  Lemma.  All  four  topologies  mentioned  in  10.  are  Hausdorff  topolo¬ 
gies. 

Proof:  Since  by  lemma  2, the  weak-*  topology  is  Hausdorff,  it  follows 
that  all  other  (stronger)  topologies  are  Hausdorff. 

14.  Lemma.  If  U  is  an  open  set  in  the  strong  topology  of  E'T  then  V= 
U  fl  Ep  is  an  open  set  in  the  P-topology  of  E'p. 
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Proof:  Let  U  be  an  open  set  in  the  strong  topology  of  E'T.  If  U  =  0, 
then  it  is  also  open  in  E'p.  If  not,  let  F  be  any  element  of  U.  By  F  6  U  and 
U  being  open,  there  is  a  strong  open  neighborhood  of  F  contained  in  U : 

0f  =  {G  |  sup  | (F  -  G,x)|  <  £}  C  U, 

x£B 

where  B  is  a  bounded  set.  Let 


Then 

and  therefore, 


sup  p(x )  =  77 


Br,  =  {x\p(x)  <  T)}  D  B, 


Up  =  {G\  sup  |<F  -  G,x)\  <£}cOFCU 


This  shows  that  V  is  open  in  P-topology,  because,  if  F  e  E'p,  then 

UF  =  {G|  P(F-G)<  e/v)  C  E'p. 

However,  E'p  is  not  open  in  E'r  as  the  next  lemma  shows. 

15.  Lemma.  Let  U  be  any  non-empty  subset  of  E'p.  Then  it  is  not 
open  in  E'r . 

Proof:  If  U  C  E'p  and  U  open  in  E'T  ,then  a  translation  of  U,  call  it  [/0  , 
which  contains  0  is  also  open  in  E'T.  From  appendix  D.l,  it  follows  that  Uq 
contains  an  absorbing  set,  i.e. 

(VF  €  E'r){ 3A  /  0)AF  €  U0 

which  is  possible  if  and  only  if  E'p  =  E'T  and  this  case  is  excluded.  (See 
definition  3.8.) 


10.  Lemma.  Every  closed  P  -ball  in  closed  in  w  -  *  and  in  the 
strong  topology  of  E'T. 

Proof:  Let 

B  =  {F  €  E'p  |  P  (F)  <  r} 

Suppose  Fa  G  B,  Fa  — *  F  in  the  w  -  *  topology.  So,  for  every  x  6  F. 
(Fa,x)  — -  (F, x).  Therefore,  for  every  fixed  x  with  p(x)  <  1  there  is  a 
sequence  (Fn,x)  — *  (F,x).  By  |(Fn,x)|  <  r  we  have  |(F,  x)|  <  r,  so  F  e  B. 
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17.  Lemma.  A  set  A  G  Ep  is  an  open  set  in  the  w  -  *  topology  of  E'p 
if  and  only  if  A  =  U  fl  E'p  for  some  w  -  *  open  set  in  E'r . 

Proof:  Suppose  A  G  Ep  is  an  open  set  in  the  w  -  *  topology  of  E'p.  For 
any  F  E  A,  there  is  a  set 


UF  =  {G  6  K  |  | (F  -  G,Xl)\  <  | (F  -  G,xn)\  <  £„}, 

such  that  Uf  C  A.  Therefore, 

a=  u(^nn)-(uwnn- 

F€A  FeA 

Let  U  =  UfzaUf-  Then  U  is  an  open  set  in  the  w  —  *  topology  of  E'r  and 

A  =  u  n  E'p. 

Conversely,  let  U  be  an  open  set  in  the  w  -  *  topology  of  E'T.  Then  it  is 
easy  to  see  that  U  fl  Ep  is  w-*  open  in  E'p. 

18.  Lemma.  (:)  Any  bounded  set  in  E'p  is  bounded  in  E'r. 

(ii)  Any  compact  set  in  E'p  is  compact  in  E'T. 

Proof:  (i)  Let  A  C  E'p  be  bounded.  Then 

(3 N  >  0)(VFe  A)  P(F )  <  N 

Let  B  be  any  bounded  set  in  E.  Then  B  C  {p(z)  <  M},  for  some  positive 
M  ;  so  we  have: 


(VF€  A)  sup  |(F,x)|  <  N 

p(x)<  1 


=>  sup  |(F,  Mx)\  <  MN 
=»  sup  |(F,  x)  <  MN 

P(X)<M 

=>  sup  |(F, x)|  <  A/:V 

xgS 

=>  II F||s  <  A/ A, 


so  A  is  bounded  in  E'T. 

(ii)  Suppose  K  C  Ep  is  compact  in  P  -  topology.  Then  let  U&  be  any 
collection  of  strongly  r-open  sets  that  covers  A'.  By  lemma  14.  Uc  0  Ep  is  a 

collection  of  P-open  sets  that  covers  K  ;  by  P  -  compactness,  there  is  a  finite 
subcover  U\  0  E'p , . . . ,  Un  fl  E'p  ;  thus  U\,...,Un  is  a  finite  cover  of  A'. 
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19.  Lemma.  Let  Br  =  {F|  P  ( F )  <  r},  for  some  r  >  0  and  p  6  II. 
Then  Br  is  a  w-*  compact  set  and  the  w-*  topology  on  it  is  metrizable. 
Proof:  By  Banach- Alaoglu  theorem  (Appendix  D). 


5  Countably  Hilbert  spaces.  Baire  category  ar¬ 
gument 


1.  Definition.  Multi-hilbertian  space  E  with  the  r  -  topology  determined 
by  countably  many  seminorms  pif . . .  ,pn,  ■  ■  •  is  called  a  countably  Hilbert 
space  . 

In  the  spirit  of  Remark  3.10.,  we  will  assume  that 


Px  <  P2  <  ...  <  Pn  <  Pn+l  ■  •  . 


(1) 


In  a  countably  Hilbert  space,  define 


OO 

d(zi,x2)  =  Y2  2~n 

n=  1 


Pn(x  1  ~ 

1  +  Pr»(*i  -  x2) 


(2) 


In  the  situation  described  above,  we  will  use  the  notation  (E,T,Il,d)  , 
sometimes  abbreviated  to  ( E,r,d )  ,  (£,n,d)  and  so  on. 


2.  Remark.  It  is  easy  to  see  that  d  satisfies  all  axioms  of  distance. 
Besides,  d(x x,x2)  =  0  if  and  only  if  pn(x i  -  x2)  =  0  for  all  n,  which  (by 
Definition  3.8)  implies  ii  =  x2.  So,  d  is  a  metric  and  ( E,d )  is  a  metric 
space.  Note  that  d(x i,x2)  <  1  for  all  xx,x2  €  E. 

3.  Remark.  In  E  we  define  r-topology  as  in  Definition  3.8.  Note 
that  in  countably  Hilbert  spaces,  r-topology  has  a  countable  neighborhood 
basis,  i.e,  satisfies  the  first  axiom  of  countability.  Thus,  all  questions  of 
convergence  can  be  viewed  via  sequences.  The  same  is  true  for  the  topology 
defined  by  d.  Our  first  task  is  to  prove  the  following 


4.  Lemma.  The  topology  defined  by  the  metric  d  coincides  with  the  r 
-  topology  defined  in  3.8. 
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Proof:  By  Remark  3.,  it  suffices  to  show 


d  t 

%n  *  X  >  •  ^  Xyi  *  X 


By  Theorem  3.13(H),  it  amounts  to  showing 


xn  *  x  v — r-  (Vfc)p/f( in  x)  »  0, 


which  follows  immediately  from  (2). 

Note  that  this  result  implies  that  every  d-ball  contains  a  pk-  ball  for  some 

k. 


5.  Lemma.  A  countably  Hilbert  space  ( E,r )  is  separable  in  r  -  topol¬ 
ogy. 

Proof:  By  separability  of  seminorms. 

0.  Remark.  By  lemma  4.10  we  have  E'pi  C  E'p2  C  . . .,  and  by  lemma 
4.9,  E't  =  U iE'Pt.  In  the  following  two  lemmas  we  will  give  two  separability 
results  on  E'r. 

7. Lemma.  The  dual  E'T  of  a  countably  Hilbert  space  is  separable  in  the 
strong  topology  (and  therefore  is  separable  in  the  w-*  topology  too). 

Proof:  All  spaces  E'Pn  are  p„  -  separable.  So,  there  are  dense  sets 

^21,^22  ,  . .  • 


in  E'n 
in  E'p2 


Let  D  be  the  union  of  all  dij  above.  Let  F  €  E'r.  Fix  a  neighborhood  of 
F  : 

Vp  =  {G\  ||F-G||<£}, 

where  B  is  a  bounded  set  in  E.  Since  F  €  E'T  ,  we  have  that  F  6  E'pn  for 
some  pn.  So,  for  some  r)  >  0,  B  C.  {x|pn(ar)  <  tj}  =  BPn  ,  and 

VfD{G\  sup  |(F  -  G,  x)|}  =  {G|  Pn(F  -  G)  <  £■'} 

l€Spn 

But  the  latter  set  contains  elements  from  the  dense  set  D ,  and  this  ends  the 
proof. 
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8.  Lemma.  Let  (F,r,  II)  be  a  countably  Hilbert  space.  Let  B  be  any 
set  in  E.  For  an  r  G  R,  let 

A  =  {F  G  E't  |  sup|{F,x)|  <  r} 

x£B 

AP  =  {F  £  E'p  \  sup|{F,x»<r}. 

Then  there  is  a  countable  set  {yk}  6  B  such  that 

OO 

A  —  n{F€£;iKF,yfc)l<r} 

k=i 

A  =  f\{FeE'p\\{F,yk)\<r} 
fc=  1 

Proof:  By  separability,  there  is  a  countable  dense  set  D  =  {x?  }  C  B, 
such  that 

(Vi  G  iV)(Vn  G  iV)(Vx  €  B)(3i  €  N)  pdx  -  x" )  <  -  (3) 

J  n 

Let 

OO  OO  OO 

j—l  n=l «=1 

=  pi  {F  €  £■'  |  \(F ,  j/fc)|  <  r, }  (4) 

k= 1 

where  {r/k}  obtained  from  {x"j}  by  renumeration.  Then  clearly  A  C  A0. 
To  show  the  converse,  suppose  F  G  /i°.  Then  there  is  a  q  G  II,  such  that 
F  G  F'.  Let  x  be  an  arbitrary  point  in  B.  Then  by  (3),  there  is  a  sequence 
xn  G  D ,  such  that  q(xn  —  x)  — ♦  0,  by  continuity  we  have  (F. xn)  —  (F.  x), 
and  this  implies  F  G  A.  For  Ap  we  may  use  the  same  D  as  in  (3),  or  a 
simpler  choice  of  Dp  =  {x"}  G  B  such  that 


(Vn  G  iV)(Vx  G  B)(3i  G  N)  p(x  -  xf)  < 

71 


(5) 
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9.  Remark.  In  3.4.  we  have  defined  Ep  to  be  the  completion  of 
Efkei(p)  with  respect  to  p.  But,  also  E  can  be  completed  with  respect  to 
p,  by  taking 


Ep  —  {  {zn}  |  x„  is  a  p  -  Cauchy  sequence  in  E} 
with  a  seminorm  p  on  Ep  defined  by 

?({*«})  =  lim  p(in). 

n— ♦  oo 

Note  that  we  are  not  taking  equivalence  classes  with  respect  to  p,  so  we 
obtain  a  seminormed  space.  We  will  call  E 3  a  seminormed  completion  of  E. 

As  seminorms  are  increasing,  all  p^-Cauchy  sequences  are  pj— Cauchy 
for  i  <  ji,  and,  consequently,  E3t  D  E3  .  On  the  biggest  space  E 3x  define 


<*({*n},{l/n}) 


E 


2*  n— *oo  1  -)-  p,(Zn  -  yn  ) 


(6) 


Then  on  each  E ’  introduce  an  equivalence  relation  by 


{*n}~{2/„}  <=>  rf({*n},{yn})  =  0 


The  collection  of  equivalence  classes  will  be  denoted  by  £p/ker(d).  It  is 
easy  to  see  that  EpJ  ker(d)  D  E*}/keT(d)  for  i  <  j,  and  if  we  define 


OO 


OO 


^  =  n^./Md)=(n^.)/kerw 

i=i  i=i 


(7) 


then  d  becomes  a  metric  on  Es. 

More  details  and  a  discussion  are  presented  in  appendix  B. 


10.  Theorem.  ( Completion  of  a  countably  Hilbert  space.)  Let  (E,N,d) 
be  a  countably  Hilbert  space.  Then  there  is  an  isometric  and  isomorphic, 
1-1  mapping  n  of  E  onto  a  dense  linear  subspace  of  a  complete  countably 
Hilbert  space  (£',,n,d),  where  Ea  is  defined  by  (7). 

(E,d)  is  a  complete  metric  space  if  and  only  if 

HE)  =  E*  (8) 


If  (8)  holds,  we  will  write  E  =  E3. 


Proof:  a)  We  will  first  show  that  d,  defined  by  (6)  is  a  metric  on  E3, 
and  that  ( E3,d )  is  a  complete  metric  space. 

Elements  of  E3  are  (equivalence  classes  of)  sequences  that  are  p, -Cauchy 
for  all  i.  For  any  such  sequence  xn,  limn  p,(Zn)  exists  and  is  finite.  So,  (6) 
becomes 

d({xn} i  { 2/n } )  = 

If  d({xn},{p„})  =  0,  then  sequences  {xn}  and  {y„}  belong  to  a  same  equiv¬ 
alence  class  in  E3.  Therefore,  d  is  a  metric  on  E3.  Suppose  that  x*  =  {xn}fc 
is  a  d-Cauchy  sequence  in  E3(  more  precisely,  {in}it  is  a  Cauchy  sequence 
of  equivalence  classes  in  E3).  Then  for  each  fixed  k ,  xk  is  an  equivalence 
class  of  E3  that  contains  the  following  Cauchy  sequence  of  E: 

xk,li  xk,2 1  •  •  •  »  xk,n  ■  •  • 

and  we  have 

d(x,  —  x*;)  =  lim  d(xjn  ~  xk,n)  0  asj,fc->  oo.  (10) 

For  each  fixed  k,  choose  nk  such  that 

d(xk,m  ~  Xk.n„)  <  £  if  m>nk,  (11) 

which  is  possible  because,  for  each  fixed  k,  the  sequence  {xiin}„  is  Cauchy 
in  E.  Define  x  to  be  the  equivalence  class  in  E3  that  contains  the  following 
sequence  : 

®l,ni  ix2,nt  i  •  •  •  i  xk,n> ,  •  •  •  (12) 

Then  x  is  indeed  in  E3  because,  for  m  >  max(ra;,  nk): 

d( Xj'fij  ~  xk,nk)  —  ®j,m)  d"  d(Xj,m  —  Xk,m)  d"  d[xkiTn  )• 

Letting  m  — ♦  oo  and  then  j,k  -*•  oo  and  using  (10)  and  (11)  we  get 

d(xj,nj  ~  xk,nh)  k  0  as  j,k  *  00, 

and  so,  (12)  is  a  Cauchy  sequence  in  E. 

For  any  fixed  k  we  have 

d(xk  -  x)  =  Yijn^d{xktJl  -  x*,„J  <  -. 

Therefore,  d(xfc  -  x)  —  0,  which  shows  that  E3  is  a  complete  space. 


V~'  A.  Pi(xn  ~  Vn) 

O*  1  4-  lim_  n:( T-  —  ?/_  ^ 


(9) 
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For  every  p  G  II  and  {x„}  G  E3 ,  we  may  define 

P({*n})=  limp(x„). 

n— *oo 

So,  d({x„},{j/n})  0  if  and  only  if_p({xn}  -  { yn })  -*•  0  for  every  p  G  II. 

Note  that  p  need  not  be  a  norm  on  E3  even  if  it  is  a  norm  on  E. 

b)  Let  us  define  a  mapping  x  :  E  — *•  E3  by 

jt(x)  =  +  ker(d)  (13) 

Then  n(E)  is  a  linear  subspace  of  E3.  x  is  an  isomorphism  by 
7r(ax  +  /3y)  =  ax(x)  +  /3x  (y). 

From  (9)  it  follows 

d(*(z)My))  =  ±  =  «*<*)•  (n) 

so  x  is  an  isometry. 

From  (13)  and  (14)  it  follows  that  x  is  an  1-1  mapping. 

Finally,  let  us  show  that  x(£)  is  dense  in  E3.  Let  {xn}  +  ker(d)  G  Es. 
Then  {xn}  is  a  d-Cauchy  sequence  in  E,  so  x(xn)  is  a  d-Cauchy  sequence 
in  x(£),  and,  as  n  -+  oo  we  have: 

d{*(xn)  -  {in})  -*•  0. 

c)  If  (8)  holds,  then  E  is  complete,  because,  as  shown  in  a),  E3  is 
complete.  Conversely,  let  ( E,d )  be  a  complete  space.  Let  x  be  defined  by 
(13).  We  need  to  show  that  E3  C  x(E).  To  this  end,  let  y  -  {x„}  +  ker(d)  G 
E3.  Then,  as  shown  in  b),  x(xn)  — <  y.  By  completeness  of  E,  there  is  a  c  G  E 
such  that  xn  — *•  z.  By  uniqueness  of  a  limit,  we  have  that  y  =  x(;)  G  x(£), 
which  had  to  be  proved. 

11.  Lemma.  Let  (£,r,  II)  be  a  complete  countably  Hilbert  space  ,  or 
only  a  countably  Hilbert  space  ,  but  r  determined  by  norms.  Then  A  C  E 
is  a  compact  set  in  E  if  and  only  if  it  is  compact  in  every  p-topology. 
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Proof:  ”Only  if”  part  follows  from  Theorem  3.13(m).  So,  suppose  that 
A  is  compact  in  every  p-topology  .  Let  us  first  consider  the  case  of  a  com¬ 
plete  countably  Hilbert  space.  For  a  given  sequence  {xn}  ,  there  is  a  p\  - 
convergent  subsequence  xi,n  such  that 

Pl(*l,n  -  yi )  —  o, 

for  some  y\  6  E.  Now  take  Xjin  as  a  sequence  ,  to  obtain  a  ^-convergent 
subsequence 

Pi(x2,n  -  y2)  —  o. 

In  this  way  ,  we  obtain  subsequences  Xk,n  and  a  sequence  y*  ,  such  that 

Pk(xk,n  -  yk)  —  o  as  n  —  00  (15) 

and  {x*n}  is  a  subsequence  of  {xfc_iifl},  for  k  =  1*,2, _  So,  the  sequence 

{£„,„}  is  a  Cauchy  sequence  for  every  fixed  p *,  i.e, 

Pfc(Xn,n  -  Xm,m)  —  0  asn,  m  -*  oo 

By  completeness,  xn,n  is  a  convergent  sequence  in  ( E,t ),  and  by  compact¬ 
ness  in  pk,  it  has  a  limit  in  A. 

If  pic  are  norms, then  from  (15)  and  Corollary  17  of  appendix  B,  we 
conclude  that  =  y2  =  . . .  =  y  ;  so  pk{xn,n  —  y)  — ►  0  and  this  ends  the 
proof. 

12.  Remark.  In  the  proof  of  the  next  lemma,  we  will  use  some  results 
from  appendix  B.  As  the  proof  relies  on  Baire  category  theorem,  the  next 
lemma  is  often  referred  to  as  a  Baire  category  argument. 

13.  Definition.  A  positive  function  V  :  E  — >  R+  is  called  a  G-function 

if  the  set  G  =  {x  €  E\u(x)  <  n}  is  closed  for  every  n  =  1,2 . 

14.  Lemma.  Let  (£,r,  II, d)  be  a  complete  countably  Hilbert  space. 
Let  B  be  an  open  d-bail  in  E  : 

B  -  {x  €  E  |  d(u,x)  <  a}  for  some  u  6  E,a  6  R. 

For  an  arbitrary  index  set  /  ,  let  {V,},e£  be  a  family  of  functions  £'—*/?+ 
such  that 
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(i)  Vi  is  a  G  -  function  for  every  i  G  /, 

(it)  Vi(x  +  y)  <  Vi{x )  +  V{(y)  for  all  x,  y  G  E, 

(in)  Vi(ax)  =  |a|Vi(x)  for  all  x  G  E,a  G  R, 

(iv)  For  every  x  G  B,  the  set  {K(x)|i  G  /}  is  bounded. 

Then  for  each  i  G  /  ,  VI  is  a  continuous  function  on  E  ,  and  there  is  a 
p  G  II  and  a  constant  0  >  0  such  that  for  every  i  G  I  and  iG£: 

Vi(x)  <  6p(x) 


|K(i)  -  K(y)|  <  Op(x  -  y) 

Proof:  By  (i)  ,  (iv)  and  Corollary  21  of  Appendix  B,  there  are:  p  G 
II,  2  G  E,  r  >  0,  M  >  0  ,  such  that 

p(z  -  x)  <  r  =>  V{(x)  <  M.  ( 16) 


Therefore,  for  every  x  G  E,  x  ^  0  ,  we  have: 


xr 


v^+W))iM- 

In  particular  ,  (16)  implies  | Vi(2r)|  <  M.  Then  by  (it)  we  conclude  that 


and  by  (tit)  we  have 


2  M 

Vi(x)  <  p(x) - =  0p(x), 

T 


(i< 


for  every  x  G  E  and  0  =  2 M/r. 

To  show  continuity,  note  that  by  (it)  and  (17)  : 


|Vi(x)  -  V,(y)|  <  V,(x  -  y)  <  0p(x  -  y ). 


15.  Remark.  Consider  the  following  conditions: 

(it')  (VM  >  0)(3Mi  >  0)(Vx,y  G  E)  V|(x)  <  M  A  V,(y)  <  M  =>  V'(.r  +  y)  <  .1/, 
(in')  (3 k  G  fl+)(Vx  G  E)(Va  G  R)Vi(ax)  =  |a|fcV,(x). 
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If  (in)  is  replaced  by  (in’)  then  the  conclusion  of  the  theorem  12  is 

IK(x)  -  Vi(y) |  <  —?k  —  —  0  as  p(x  -  y)  —  0, 
so  V{  is  a  continuous  function. 

If,  in  addition,  (ii)  is  replaced  by  (it’),  we  can  still  conclude  the  conti¬ 
nuity  at  0: 

K'(z)  <  MiEJeI  _o  as  p(x)  —  0. 
rK 


16.  Lemma.  Let  (F,r,  II,  d)  be  a  complete  countably  Hilbert  space, 
and  let  A  £  E'r  be  a  weakly  bounded  set,  i.e,  for  any  fixed  x  £  E: 

sup  |(F, x)|  <  oo.  (18) 

Ft  A 

Then  there  is  a  p  £  n  such  that  A  C  F'  and  the  set  A  is  strongly  bounded 
in  A ,  i.e,  for  any  bounded  set  B  £  E: 

sup  ||F||b  <  oo. 

FeA 

Proof:  By  continuity  of  F,  a  mapping  x  -»  |(F,  x)|  is  a  G-function. 
and  assumptions  of  lemma  14  are  fulfilled,  so  |(F, x)|  <  Op(x),  for  some 
0  >  0,p  £  n  and  all  F  £  A;  therefore  A  C  E'p  with  P  (F)  <  8  for  F  £  A. 
Strong  boundness  follows  then  from  lemma  4.14(i). 

17.  Corollary.  A  set  A  C  F',  where  E'T  is  the  dual  of  a  complete 
countably  Hilbert  space  (F,  r,  n)  is  strongly  bounded  if  and  only  if  A  £  E'p 

for  some  pen  and  the  set  {p  (F)  |  F  e  A}  is  bounded. 

Proof:  Straightforward  from  lemma  16  and  its  proof. 

18.  Lemma.  Let  E'T  be  the  dual  of  a  complete  countably  Hilbert  space 
(F,r,  n,d).  Suppose  that  Fn  is  a  sequence  in  E'T  such  that  for  every  x  £  E 
the  sequence  (Fn,x)  of  real  numbers  converges  to  some  real  number.  Then 

(i)  There  is  an  F  £  F'  such  that  Fn  — »  F  in  the  w-*  topology  of  F'. 

(ii)  There  is  a  p  £  n,  such  that  F  £  F'  and  Fn  £  E'p  for  all  n  >  1. 
Proof:  Let  f(x)  =  limn_00(F„,x).  Then  by  assumption,  /  is  well  de¬ 
fined  and  finite  for  all  x  £  E.  Since  F  is  a  complete  metric  space,  it  follows 
from  Banach-Steinhaus  theorem  (appendix  D.3)  that  /(x)  =  (F,x)  for  some 
F  £  F'.  Let  A  =  (F,  Fi,  F2, . . .}.  Then,  A  is  weakly  bounded  set.  so  by 
lemma  16  and  corollary  17,  there  is  a  p  £  n  such  that  Fn,  F  £  E'p. 


23 


19.  Remark.  From  lemma  18,  we  can  conclude  that  if  Fn  — *  F  in  the 
strong  topology  of  E'T,  then  Fn,  F  £  Ep,  for  some  p  £  II.  However,  this  does 

not  imply  P  ( Fn  —  F)  -*  0.  For  this  conclusion,  we  will  need  an  additional 
assumption  that  will  be  made  in  the  next  section. 


20.  Remark.  For  a  countably  Hilbert  space,  define  its  second  dual  E " 
as  a  set  of  all  linear  functionals  p  defined  on  E'T  that  are  continuous  with 
respect  to  the  strong  topology  on  E'r. 

If  E  —  E ",  (in  the  sense  of  usual  identification  by  means  of  a  bicontinuous 
bijection),  the  space  E  is  called  reflexive.  It  is  always  true  that  E  C  E". 


21.  Theorem.  A  complete  countably  Hilbert  space  (E,t,  n,d)  is  re¬ 
flexive. 

Proof:  For  a  p  £  E"  and  a  bounded  set  A  C  E'T,  define 


IMU  =  SUP  1(^)1- 

FeA 

For  an  x  £  E  define  p  £  E "  by 


(p,F)  =  (F,x). 


(19) 

(20) 


Then 


IMU  =  sup  \(F,x)\.  (21) 

F€A 

Let  us  show  that  the  mapping  tt  •  77  -  7r(x)  =  p ,  with  p  defined  as 

in  (21)  is  continuous  with  r>  ,pect  to  topology  on  E”  determined  by  norms 
(19).  By  corollary  17,  A  C  E'p  for  some  p  E  H  and  P  (F)  <  M  for  some 
M  >  0.  Using  the  duality  in  IliiLo-t  spaces,  we  have  (appendix  D.10): 


sup  |<F,  z)|  < 
FeA 


~  sup  \(F,x)\ 
P(F)<M 


M 


P(a:)> 


(22) 


and  the  continuity  of  p  follows  from  (21)  and  (22). 

We  shall  now  show  that  tt  has  an  inverse  which  is  also  continuous.  For 
every  p  £  n,  Ep  is  a  Hilbert  space  and  E'p  its  dual.  By  duality  in  Hilbert 
spaces,  every  p  £  E”  is  determined  uniquely  by  an  x  £  Ep.  So.  it  follows  that 
for  every  p  £  Ep  there  is  a  (not  unique)  x  £  Ep/  ker(rf),  such  that  (p.  F)  = 
(F,x)  for  all  F  £  E'p.  Therefore,  all  functionals  on  Epi  are  completely 
determined  by  elements  of  Epj/  keT(d).  All  functionals  on  E'pj  are  completely 
determined  by  elements  of  Ep2/ ker(d),etc.  Since  E'p  D  Epi ,  we  see  that 
all  functionals  on  E'  =  U E'  are  completely  determined  by  elements  of 
E  =  n£;jkeT(d). 
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So,  k  is  a  1-1  map  with  n (E)  =  E".  Let  us  show  now  that  tt_1  is  a 
continuous  mapping.  Observe  that,  for 

A  =  {F  6  E'r  |  P{F)<M}  (23) 

we  have 

sup  =  p(x).  (24) 

F€A 

So,  if  <pa  — *  0  in  the  topology  determined  by  (19),  then,  in  particular, 
llv’alU  ~ 0,  with  A  as  specified  in  (23),  and  by  (21)  and  (24)  we  have 
■K~l(ipQ)  — ►  C  in  r-topology. 

The  above  proof  shows  that  there  is  a  bijection  and  isomorphism  n  : 
Er  — *  E ",  such  that  Er  and  E"  have  the  same  topological  structure.  There¬ 
fore,  we  may  identify  E"  with£T. 

22.  Remark.  On  a  countably  Hilbert  space,  as  mentioned  in  remark  3, 
the  strong  topology  satisfies  the  first  axiom  of  countability.  Moreover,  since 
it  is  a  metric  space,  compact  sets  can  be  characterised  as  those  in  which 
every  sequence  has  a  convergent  subsequence. 

However,  the  weak  topology  on  E  does  not  satisfy  the  first  countability 
axiom,  that  is,  does  not  have  a  countable  neighborhood  basis.  Also,  neither 
the  strong  nor  the  w-*  topology  on  E'r  can  be  defined  with  a  countable 
neighborhood  basis. 

Therefore,  sequences  cannot  be  used  as  a  convenient  replacement  for 
nets. 


6  I(r)  topology  and  nuclear  spaces 

1. Definition. Let  E  be  a  multi-Hilbertian  space  with  a  topology  r  deter¬ 
mined  by  a  family  n  of  Ililbertian  seminorms.  Let  Pi  be  the  family  of  all 
seminorms  that  are  <hs  to  some  seminorm  in  n  ,i.e: 

Pi  =  {qe  II SN\(3p  e  n)  q  <HS  p) 

The  I(t)  topology  is  the  topology  determined  by  P[  (in  the  sense  of  3.8). 
In  the  next  lemma  we  will  use  the  results  stated  in  section  2. 
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2. Lemma.  Let  ( H ,  |j  |))  be  a  Hilbert  space.  Let  r,  77/ ,  rjv,  S  be  topologies 
determined  by  ||  •  ||,Pf/,Pv,Ps  respectively  ,  where 

Pu  =  {p\p{x)  =  ||Ax||  ,  A  is  a  Hilbert  -  Schmidt} 

Pn  =  {p\p(x)  =  { Ax,x)1/ 2  ,A  is  positive  nuclear} 

Ps  =  {p|p(*)  =  (Ax,x)1/2  ,  A  is  positive  ,  compact  ,  trace  class} 

Then  77/  =  Tjq  =  S  =  /(r)  C  r. 

Proof:  /(r)  =  77/  :  Let  {e,}  be  an  orthonormal  base  in  P.  Let  p  6  P//. 
Then  £p2(e,)  =  £  ||-4e, |j2  <  00.  Besides,  p(x)  <  ||ax||  •  ||x||  ;  so  p  <hs  ||  •  || 
and  p  €  P/.  Conversely  ,  if  p  6  P/  then  p(x)  =  ||Ax||  for  some  continuous 
linear  operator  A  ;  by  52P2(e«)  <  00  we  have  that  A  is  a  Hilbert-  Schmidt 
operator. 

TH  —  TN  '■  Let  A  be  a  Hilbert-Schmidt  operator.  Let  p(x)  =  ||A.Y||. 
Then  p2(x)  =  (Ax,  AX ||  =  (A*Ax,x).  A*A  is  a  positive  nuclear  operator  as 
a  product  of  two  Hilbert-Scmidt  operators.  Conversely  ,  let  A  be  a  posi¬ 
tive  (thus  a  self-adjoint)  nuclear  operator.  Then  A1/2  is  a  positive  Hilbert- 
Schmidt  operator  and  p(x)  =  (Ax,x)1^2  =  (A^2x,  All2x)  =  ||A1/,2x||  . 
ryv  =  S  follows  from  Theorem  2.4. 

77  C  t  follows  from  p(x)  <  c||x||  for  some  c  >  0. 


3. Remark.  Lemma  2  gives  different  ways  of  obtaining  the  I(r)  topology 
in  a  Hilbert  space;this  is  applicable  in  a  multi-Hilbertian  space  in  an  obvious 
manner, because  P/  in  a  multi-Hilbertian  space  is  the  union  of  corresponding 
families  of  seminorms  in  Hilbert  spaces. 

The  last  statement  of  Lemma  2  implies  that  I(t)  is  a  Hausdorff  topology. 
Note  that  P/  need  not  be  a  subset  of  n. 

Throughout  this  section,  we  will  make  use  of  the  fact  ( proved  in  appendix 
A)  that  for  every  q  6  n  there  is  a  <7- orthonormal  base  {e,}  in  E  (  rather 
than  in  Ep).  This  enables  us  to  drop  iv<q  in  lemma  3.6.  So.  p  <^s  <1  if  and 
only  if  Y.P2(e*)  <  00  f°r  any  7-orthonormal  base  {e, }  in  E. 

In  the  next  lemma  we  will  give  a  construction  of  seminorms  that  deter¬ 
mine  I(t)  and  this  will  show  that  the  Pj  in  multi-Hilbertian  spaces  is  not 
an  empty  set. 


4. Lemma.  For  every  q  £  n  there  is  a  p  E  HSN  so  that  p  < ns  (1- 
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Proof:  Let  {en}  be  an  orthonormal  base  in  Eq.  Let  c,,i  =  1,2,...  be  a 
sequence  of  real  numbers  such  that  £c2  <  00  •  Define  p  by 

OO 

P2(x )  =  X)c,V(z,e,) 

i=i 

Then  p2(et)  =  c?  and  therefore  Y^P2(e*)  converges.  Also  ,  p(x)  <  Mq(x)  , 
where  M  =  sup,  c,.  Thus  ,  p  <hs  Q- 


5.  Definition.  A  countably  Hilbert  space  (1?,t,  n,d)  is  a  nuclear  space 
if  /(r)  =  r  ,  i.e,  if 


OO 

(Vp  6  n)(3q  €  n)(p  <  q  A  ]Tp2(e,-)  <  oo), 

«=i 

for  a  q-orthonormal  base  {e,}  . 


6.  Theorem.  Let  (E,t,  n)  be  a  complete  nuclear  space.  A  set  A  C  E 
is  compact  if  and  only  if  it  is  bounded  and  closed. 

Proof:  It  suffices  to  prove  ”iP  part  only.  Let  A  be  a  bounded  and  closed 
set  in  E.  Let  p  6  n  be  fixed,  and  let  p  <hs  9-  Then  there  are  p-  and  17- 
orthonormal  bases  in  E,  denote  them  by  {e,}  and  {/,}  respectively.  By 
assumption,  q(x )  <  M  for  all  x  6  A;  so  using  theorem  3  of  appendix  A,  we 
have: 


EE  p2(x’e«) 

i=i 


»  i 

=  H(H9(*i/j)p(/i»e,))2 

«  i 

>  i  i 

*  J 

=  MY2YYp2Uj'e') =  MY2p2(fj)  < 00 
1  *  ; 


This  shows  that  the  series  p2(x,e,)  converges  uniformly  for  x  6  A.  By 
corollary  7  of  appendix  A,  A  is  relatively  compact  with  respect  to  p-  con¬ 
vergence,  for  every  p  S  n.  Then, using  completeness  and  r-closedness  of  A. 
it  can  be  proved  that  it  is  r-compact,  similarly  to  the  proof  of  lemma  5.11. 
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7.  Remark.  From  the  proof  of  lemma  6,  we  can  conclude  that  nuclear 
spaces  have  the  following  property:  For  any  p  £  II  there  is  a  q  6  II  such 
that  any  q- bounded  set  is  a  p— relatively  compact  set. 

It  is  not  only  in  nuclear  spaces  that  every  bounded  and  closed  set  is 
compact.  A  complete  countably  Hilbert  space  with  this  structure  of  compact 
sets  will  be  called  perfect  space.  In  fact,  every  complete  countably  Hilbert 
space  with  aforementioned  property  is  perfect.In  the  next  lemma,  we  give 
another  sufficient  condition  for  a  space  to  be  perfect. 


8.  Lemma.  Let  (E,  r,  n)  be  a  complete  countably  Hilbert  space.  Sup¬ 
pose  that  for  every  bounded  sequence  xn  6  E,  and  for  each  p  E  n  there  is  a 
p— Cauchy  subsequence  xn<.  Then  E  is  a  perfect  space. 

Proof:  Let  Pi  <  p?  <  ■  . .  be  seminorms  in  n.  Let  xn  be  a  sequence 
in  a  bounded  and  closed  set  A.  By  assumption,  there  are  infinitely  many 
subsequences  such  that  is  a  subsequence  of  {x,_i j}j  and 

{x,,j}j  is  a  pi -Cauchy  sequence.  Then  {x„,„}„  is  a  Cauchy  sequence  in  all 
p  €  n;  by  completeness  it  converges  to  some  x  6  E,  and  by  closedness  of  A. 
x  £  A. 


9.  Lemma.  Let  (E,r,  n,d)  be  a  perfect  space.  Then 

(i)  Strong  and  weak  sequential  convergence  coincide  on  E. 

(ii)  Strong  and  w-*  sequential  convergence  coincide  on  E[. 

Proof:  (i)  Let  i„  — ►  0  in  the  weak  topology  on  E.  Then  ( F ,  xn)  —  0  for 
all  F  6  E't.  Therefore,  the  set  {xn}  >s  weakly  bounded,  and  so  is  strongly 
bounded  (appendix  D.8).  So,  the  sequence  {xn}  belongs  to  a  compact  set  . 

Suppose  that,  for  some  p  €  n,  p{xn)  does  not  converge  to  zero.  Then, 
there  is  a  subsequence,  say  i„>,  such  that  p(xn  ')>  s  for  some  s  >  0.  By  com¬ 
pactness,  there  is  a  convergent  subsequence  xn»  of  xn<,  by  weak  convergence, 
p{xnn)  — ►  0;  but  p(xnn)  >  e,  which  is  a  contradiction. 


(»)  Suppose  that  Fn  — *  0  in  the  w-*  topology  on  E' .  Then  the  sequence 
{Fn}  is  weakly  bounded;  by  lemma  5.16,  it  is  also  strongly  bounded,  and 
so,  for  every  n  >  1  and  every  bounded  closed  set  B  C  E: 

sup  |{Fn,x)|  <  Mb  (1) 

z€B 

Suppose  now  that  Fn  does  not  converge  to  0  in  the  strong  topology.  Then 
there  is  a  closed  bounded  (therefore  compact)  set  B  C  E  and  a  sequence 
{xn<}  G  B,  such  that  for  some  e  >  0: 

|(Fn»,xn»)|  >  £  (2) 

By  compactness,  we  may  assume  that  xn>  is  a  convergent  sequence,  xn<  — *■  xo 
in  the  strong  topology  of  E.  Then,  as  in  the  proof  of  theorem  5.21,  we  have: 

sup  |{F,xn/  —  ar0)|  <  cp(x„<  -  x0) 

FeA 

for  any  bounded  set  A  C  E',  some  c  >  0  and  some  p  €  II.  If  we  take 
A  =  we  have  (Fn/,xn<  -  xo)  — * ■  0  ,  and  by  assumption,  (Fn/,x0)  — *■  0, 

so  (F„/,xni)  — ►  0,  which  is  a  contradiction  to  (2). 

10.  Lemma.  Let  (F,r,  II)  be  a  complete  nuclear  space.  Let  {F„}  be  a 
sequence  in  E'T .  Then  Fn  — ►  F  in  the  strong  or  w-*  topology  if  and  only  if 
there  is  a  p  G  II  such  that  F,  Fi,  F2, . . .  G  E'p  and  P  (Fn  -  F)  —*  0. 

Proof:  By  lemma  9  and  remark  5.18,  if  Fn  —*  F  then  all  Fn  and  F 
belong  to  some  space  £',r  G  IT.  By  remark  7,  there  is  a  p  G  n,  r  <#5  p, 
such  that  the  p-unit  ball  Bv  is  compact  in  r-topology.  We  will  now  prove 

that  P  (Fn  -  F)  0.  If  not,  then  there  is  a  subsequence  Fn>  and  a  sequence 

xn<  such  that  x„«  G  Bp  and 


|(Fn-  -  F,x„<)|  >  £,  (3) 

for  some  e  >  0.  By  compactness,  we  may  assume  that  r(xn»  -  xo)  — *  0  for 
some  xo  G  Bp.  Then  we  have: 

l(F„<  -  F,xn-)|  <  |(F„- -  F,xn/ -  x0)|  +  |{Fn- -  F,x0)| 

<  r  (Fni  —  F)r(xni  —  xQ)  +  |(Fn/  —  F,x0)| 

-0, 

which  is  a  contradiction  to  (3). 
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Appendix 


A  Orthogonalization  in  (E1,  r) 


In  this  section  we  will  consider  certain  questions  related  to  the  existance  of 
an  orthonormal  base  with  respect  to  a  fixed  seminorm.  We  will  also  derive 
a  necessary  and  sufficient  condition  for  a  linear  functional  to  be  continuous 
with  respect  to  a  given  seminorm.  Although  some  proofs  might  appear  to 
be  unecessary  elaborated  ,  it  is  important  to  understand  specific  techniques 
one  has  to  employ  while  dealing  with  seminorms. 

We  will  use  the  same  notation  as  in  the  main  body  of  the  text.  Let  us 
first  consider  a  space  Ep  ,  topologized  by  one  seminorm  p.  Denote  by  tt  the 
cannonical  mapping  Ep  — ►  Ep/  ker(p),  defined  by  7r(x)  =  x  +  ker(p)  =  xm, 
where  xm  stands  for  the  equivalence  class  relative  to  x. 

1.  Lemma.  If  D  is  a  dense  set  in  Ep  ,  then  D*  =  {;r(d),d  €  D}  is 
dense  in  Ep /  ker(p)  and  also  in  Ep. 

Proof:  Let  z*  €  Ep /  ker(p)  and  let  e  >  0.  Choose  x  6  7r_1(x*).  Since  D 
is  dense  in  Ep  ,  there  is  a  d  £  D  so  that  p(x  -  d)  <  e.  Let  tt (d)  =  d‘.  Then 
p(x*  —  d *)  =  p(x  -  d)  <  e  ;  so  D*  is  dense  in  Ep/  ker(p).  To  show  densness 
in  Ep  ,  note  that  if  z*  is  a  (Cauchy)  sequence  that  converges  to  x*,  and  if 
we  choose  dn  such  that  p(x*  -  d*)  <  1/n  then  we  have  d*  —  z*. 

2.  Remark.  By  separability  of  p  and  Lemma  1,  there  is  a  countable 
dense  set  D *  =  {d^d^,...}  in  Epf  ker(p).  Let  xj  be  the  first  non-zero 
element  in  the  sequence  Dm ,  let  x£  be  the  first  d*  which  is  not  in  the  closed 
subspace  spanned  by  xj  ,  etc  ... ,  let  Xn+1  be  the  first  d*  which  is  not  in  the 
closed  subspace  spaned  by  {xj,  xj, . . . ,  x*  }  (the  idea  is  to  remove  dependent 
d*’s  from  the  sequence).  Therefore, 

span{dj,dj, . . .  ,d* , . . .  }  =  span{xj,xj, . . . ,  x;, . . .  } 
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As  D*  is  dense  in  Ep /  ker(p)  we  have  (a  bar  denotes  the  closure): 

Ep  =  span  {dj,dj,...,  <£,...  }  =  spanfarj,^,.  .  } 

Now  let  us  apply  the  Gramm-Schmidt  orthonormalization,  starting  from 
x\,Xz, ...  to  obtain 


i 

ei  =  ^^bjkXic  j  =  1,2, ...  (1) 

k=  1 

From  the  above  construction  it  follows  that  d\  is  either  0  or  zj,  d £  is  either 
0  or  x\  or  x\  ,  . . . ,  in  general,  d*  £  {0,zJ,z5,  ...z*}  ,  which  by  means  of 
inverting  equation  (1)  gives 

dj  =  ^Ljajkek  (2) 

k=  1 


Let  us  now  show  that  {ej}  is  a  complete  orthonormal  base  in  Ep.  Indeed, 
if  there  is  an  y  £  Ep  such  that  p(y,ef)  =  0  for  every  j i,  then  by  (2)  we  also 
have  p(y,d*)  =  0  for  every  j,  which  by  denseness  of  d*  gives  p(y,  f)  =  0  for 
every  /  £  Ep  ;  in  particular  p(y,y )  =  0,  and  so  y  =  0. 

From  above  considerations  it  follows  that  Ep  is  a  Hilbert  space  with  a 
complete  orthonormal  base  {e^ej,...  }.  Then  for  every  /  £  Ep  we  have 

/  =  !>/•<>«? 

p!(/)  =  !>’(/■<) 

Now,  getting  down  to  Epj  ker(p)  and  then  to  Ep  we  can  state  the  following: 


3.  Theorem.  There  is  a  countable  set  {ei,e2)...  }  C  E  (Orthonormal 
base  for  E)  and  a  p-dense  set  {cfi ,  -  }  C  E  such  that 

p(e„ej)  =  6tJ  *,>  =  1,2,... 
dJ  ~  Ha;fcefc  + 

k=  1 
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where  rj  are  elements  in  ker(p).  For  every  y  £  E  : 

OO 

*  =  £?(*,«<)*  +  r(x), 

1=1 

with  the  convergent  series  in  the  following  sense: 

n 

limp(z  -  ^p(z,Cj)et)  =  0 

5  i=i 

and  r(x )  is  an  element  in  ker(p),  depending  on  x.  The  following  equality 
holds  for  every  x  6  E: 

P2{x )  =  f^P2(x,ei) 

i=i 


4.Theorem.  Let  p  and  q  be  Hilbertian  seminorms  on  E  such  that 
p  -<  g.Let  {e,}  be  any  g-orthonormal  base  in  E  (in  the  sense  of  theorem  3). 
Then 

OO 

^Tp2(e;)  does  not  depend  on  a  choice  of  {e,}  (3) 

i=i 

OO  n 

]T]p2(ei)  =  sup  ^p2(ea.)  (4) 

i=i  °  t=i 

Proof:  Let  {e„}  and  {/n}  be  g-orthonormal  bases  in  the  sense  of  theorem 
3.  It  suffices  to  prove  (3)  under  the  assumption  p2(e,)  <  oo.  Then  by 
theorem  3  we  have: 


N 


=  0 
j= i 


(aij  —  q(fi,€j)) 


N 


lim  y  \  bjj  fj )  —  0  (bji  —  q(Cj,fi)) 


t=i 


and,  therefore 


aij  —  bji 


(6) 

{') 


Let  us  recall  that  q(a—an)  — ►  0  and  q(b-bn)  —*  0  implies  q(a,b)-q(an>bn)  — 
0  (see  Remark  1.4),  and  by  p  q  and  the  triangle  inequality  ,  this  implies 
p(a,6)  -  p(an,6n)  — *•  0.  Therefore,  using  (5),  (6),  (7)  and  orthonormality  , 
we  have: 


32 


N  N 

q(ej,ek)  =  limq(J2bj>fi  ,  H^«7.) 

i=i  t=i 


Further, 


«=1 


=  lim^a.jaii  =  0  if  j  ±  k, 
:=1 


lim  V'  a?,-  =  1  . 
1=1 


AT  AT 

P2(/i)  =  P(/<> /»)  =  Um p(]T  dijej  ,  £2  aiteO 

>=i  *=i 

N 

=  Hm  52  aljP2(ej )  +  I”"  H  a«ja.*P(«> i  e* ) 

i=l  w  J*k 


After  summation, we  obtain: 


M  M  N  M 

Ep2(/«)  =  umEI24p2(ei)  +  1™I]52a«Ja^p(eJ’e*) 

>=1  <  =  1  J  =  1  "  <=1  J** 


=  ^DE^'Jp2^')  +  ,ij,E(Sa»ia«‘fc)p(€iefe) 

j=i  >=i  j/fc  .=1 

Letting  m-*oo,  using  (9),  (8)  and  the  dominated  convergence  theorem  %ve 
obtain 

OO  OO 

£p2(/«)  =  1 2  p2(e^)’ 

>=i  i=i 

which  had  to  be  proved.  Let  us  remark  that  the  dominated  convergence 
theorem  could  be  used  here,  because  of  the  following  inequalities: 

M  MM 

iE«,«.ii  <  (5>oi2),/2(X>.*i2)1/2  <  i 

«=i  t=i  t=i 
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I  I  <  (Hp2(cj))1/2(HP2(e*))1/2  <  00 

j?k  j  k 

Let  us  show  (4).  From  the  construction  of  orthonormal  base  it  follows 
that  for  any  finite  orthonormal  system  {ei,e2, . . .  ,en}  there  is  an  orthonor¬ 
mal  base  {/i,/2,-..}  (in  the  sense  of  theorem  3)  that  contains  the  given 
system.  Therefore, 

n  oo 

Hp2(e')  -  Hp2(/«)  =  R' 

t=i  i=i 

and  the  quantity  R  does  not  depend  on  a  choice  of  {/,},  by  (3).Therefore, 

n 

sup^p2(ea,)  <  R 
a  i= l 

On  the  other  hand,  the  reverse  inequality  holds  by  the  definition  of  R,  and 
(4)  is  proved. 

5.  Remark.  Suppose  that,  under  assumptions  of  theorem  4, 

£p2(et)  <  oo. 

i=i 


Then  define 

OO 

HS  {p,q)  =  X!p2(e>)’ 

i=i 

C (p,q)=  sup  {p(x)}. 

?(x)<l 

The  following  holds: 

C(p,<?)  <  HS(p,<?), 

C(p,r)  <  C{p,q)C{q,r), 

HS(p,  r)  <  C(p,  q)HS(q,  r ), 

HS(p,  t )  <  HS(p,q)C(q,r). 

This  shows  that  the  relation  <//s  is  transitive  and  also 

P  <HS  q  =>  P  <HS  r 

and  similar  variations.  For  a  proof  of  these  statements  see  Ito(  1 984 ). 
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6.  Lemma.  Let  A  be  a  bounded  subset  of  a  separable  Hilbert  space  H, 
with  a  norm  ||  •  ||,  the  corresponding  inner  product  (•,  •)  and  the  orthonormal 
base  {e;},  such  that 

OO 

(Ve  >  0)(3JV)(Vx  €  A)  £>,e,)2  <  e  (10) 

i=N 

(i.e,  YHxiei)2  converges  uniformly  on  A).  Then  A  is  a  relatively  compact 
set. 

Proof:  Let  £k  be  a  sequence  of  positive  numbers  such  that  Yl£k  <  oo 
and  let  Nk  be  the  corresponding  sequence  of  natural  numbers  according  to 
(10).  Let  us  define  seminorms  pk(x)  by 

pI(x)=  Y,(x'e')2- 

i=i 

Let  xn  be  a  sequence  in  A.  By  a  finite-dimensional  result ,  there  is  a  sequence 
xi,„  such  that  pi(xi,n  —  Xi)  — ►  0.  Taking  this  subsequence  as  a  sequence  , 
and  repeating  this  procedure  ,  we  get 

Pk{xk,n  ~  xk)  -*  0  as  n  -►  0  ,  k  =  1,2,... 

and  Xfc  n  is  a  subsequence  of  x*._ln.  By  pk  >  Pk-i  we  have  Pk-i{xk~xk-i )  = 
0.  Further, 

Ik*  -  xk—i  !|2  <  Pk-i(xk  -  *k-i)  +  £fc- 1  =  £k- u 

and  by  J2£k  <  00  we  conclude  that  Xk  is  a  Cauchy  sequence  and  thus  ,  for 
some  loo  i  Ikfc  -  Xqq ||  — ►  0  as  A:  -+  oo.  Then  we  have 

||*n,n  -  ^ooll2  <  2(||xn,n  -  x*||2  +  |jxfc  -  Xooll2) 

<  2(p?(xn,n  -  Xk)  +  £k  +  ||xfc  -  Xooll2), 

so,  letting  n  — *  oo  and  then  fc  — *  oc,  we  conclude  that  ||xn,n  -  Xoo||  —  0. 

7.  Corollary.  If  A  is  a  subset  of  £,  bounded  in  p-seminorm.  and  if 
(10)  holds  with  (•,•)  replaced  with  p(-,-),  then  A  is  a  relatively  compact  set 
in  E  with  respect  to  p-topology. 

Proof:  Let  x  be  a  natural  mapping  from  E  to  Ep,  x(x)  =  x  +  ker(p). 
Then  x(A)  is  a  bounded  set  in  a  separable  Hilbert  space  Ep ;  by  previous 
lemma,  it  is  relatively  compact  in  Ep,  therefore,  A  is  relatively  compact  in 
E. 
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B  Seminorm  completion 


We  will  first  consider  here  some  questions  related  to  the  theorem  5.10,  then 
give  a  usefull  convergence  lemma  15,  and  finally  (theorem  21)  prove  a  Baire 
category  result.  All  statements  in  this  part,  that  involve  only  one  semi¬ 
norm,  hold  in  a  general  multi-Hilbertian  space  (not  necessarily  a  countably 
Hilbert). 

1.  Let  (£,r,  n,d)  be  a  countably  Hilbert  space.  We  define  a  seminorm 
completion  E’  as  follows: 

Let  Ep  be  the  set  of  all  p—  Cauchy  sequences  {zn}  on  E  ,  with 
{*n}  +  {pn}  =  {z«  +  yn} 
a{in}  =s  {axn}  (a  €  R) 

and  a  seminorm 

p({*n})  =  Jim^piln) 

The  limes  above  exists,  because  p(xn )  is  a  Cauchy  sequence  in  It.  We  will 
show  that  Ep  is  a  complete  space  with  the  norm  as  introduced  above. 

Let  xk  =  {a:jt,n}jt  be  a  Cauchy  sequence  in  Ep.  That  means 

lim  p(a\,n  —  *in)  — 1 ►  0  as  j, A:  — ♦  oo . 

For  each  fixed  k,  choose  nk  such  that 

p(xk,m  ~  <  £  if  m  >  nk. 

Let  x  =  {xi'„, , . . .  ,xki„k  . . .}.  Then  x  £  Ep,  because  for  m  >  ma x(n},nk): 

p(Zj,nJ  —  Zfc.nit  )  ^  ~  Zj,m  )  d"  p(Zj,m  ~  %k,m)  T  P(%k,m  ~  Xk.ni,) 

— *•  0  as  j,  k  — *  OO , 

and,  for  a  fixed  k  : 

p(xk-x)=  lim  p(ifc,„  -  Zfc,nJ  <  7. 

n—oo  *  fc 

So,  p(xk  -x)—*0ask—>oo  ,  and  the  completeness  is  proved. 
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(1) 


Let  us  define  a  map  ir  :  E  — »  E°  by 

»(*)  =  {x,x,...,x,...} 

It  is  clear  that  Tr(ax+0y)  =  air(x)+0ir(y),  for  a,  0  €  R,  and  p(ir(x))  =  p(x), 
so  7r  is  an  isomorphism  and  an  isometry.  Let  us  show  that  x(E)  is  dense  in 

... 

An  arbitrary  element  { x in  E‘  is  a  limit  of  a  sequence  {x}n  ,  with 
{zjn  =  — »*«»•••}• 

Actually, 

p({*}n  -  {*fc})  =  Jim  p(xn  -  xk) 

K—+OO 

and 

lim  p({x}„  -  { Xk })  =  limlimp(xn  -  xk)  =  0, 

n — >oo  n  k 

because  {x*.}  is  a  Cauchy  sequence.  Therefore,  we  have  proved 

2.  Theorem.  The  mapping  r  as  defined  by  (1)  is  a  1-1  isometrical 
and  isomorphical  mapping  of  Ep  onto  a  dense  linear  subspace  of  the  space 
Ep  whose  elements  are  all  p-  Cauchy  sequences  in  E. 

3.  Remark.  An  obvious  danger  of  an  uncautious  use  of  Ep  is  in  the 
fact  that  Ep  is  only  a  seminormed  space,  even  if  p  is  a  norm. 

Let  us  define  a  semi-metric  d  on  E *  by 


<*({ZnMyn})  =  ^2  lim 

1 1  n— *oo 
1=1 


PijXn  ~  Vn) 

1  +  p,(xn  -  yn)' 


Then  d({x„},  {y„})  =  0  if  and  only  if  for  all  p;  G  II: 


lim  p,(xn  -  yn)  =  0. 

n— »oo 

So,  an  equivalence  relation  can  be  defined  in  E *  by 

{*n}  ~  {Pn}  d({x„},{pn})  =  0. 

The  set  of  all  such  equivalence  classes,  equipped  by  the  topology  of  Ep  will 
be  denoted  by  Ep/ker(d).  A  class  corresponding  to  each  x  £  E  consists  of 
a  single  element,  because  d  is  a  metric  on  E.  Therefore, 
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4.  Lemma.  There  is  a  1-1,  isometrical  and  isomorphical  mapping  of 
Ep  onto  a  dense  linear  subspace  of  Ep/  ker(d). 

5.  A  usual  way  of  completion  of  E  with  respect  to  p  is  similar  to  the 
previous  procedure,  except  that  one  first  takes  E/ker(p)  and  then  defines 
an  equivalence  relation  in  the  set  of  all  p—  Cauchy  sequences  of  E/ker(p), 
by 

{zn  +  ker(p)}  ~  {yn  +  ker(p)}  <=>  lim  p(xn  -  y„)  =  0. 

n— *oo 

New  elements  obtained  in  this  way  should  be  actually  denoted  by  {xn  + 
ker(p)}  -f  ker(p),  but  it  is  customary  to  use  the  notation  {xn  -f  ker(p)}. 
Denote  the  set  of  all  such  equivalence  classes  by  Ep.  Proceeding  in  an 
identical  way  as  in  the  case  of  Ep,  one  can  prove  the  following 

6.  Lemma.  There  is  a  1-1,  isometrical  and  isomorphical  mapping  of 
E /  ker(p)  to  a  dense  subspace  of  a  space  Ep,  whose  elements  are  equivalence 
classes  of  all  p-  Cauchy  sequences  in  E/ker(p). 

7.  Let  us  define  on  E*  : 

ker(p)  =  {  {xn}  6  E*  |p({xn})  =  0}. 

Let  E*/ker(p)  be  the  set  of  all  equivalence  classes  with  respect  to  ker(p). 
Observe  the  following: 

Two  Cauchy  sequences  {x„}  and  {pn}  belong  to  a  same  class  if  and  only 
if  limnp(x„  -  y„)  =  0. 

Two  elements  x,y  e  E,  regarded  as  Cauchy  sequences  (by  mapping  ( 1 )) 
belong  to  a  same  class  in  E’/  ker(p)  if  and  only  if  p(x  -  y)  =  0. 

Let  us  define  tt,  :  E’/  ker(p)  — >•  Ep  by: 

**({**}  +  ker(p))  =  {xn  +  ker(p)}.  (2) 

By  the  observations  above,  we  have: 

8.  Lemma.  The  mapping  n,,  defined  by  (2)  is  an  isomorphic,  isometric. 
1-1  mapping  of  Ep/ker(p)  onto  Ep,  so  we  may  write 

Ep/  ker(p)  =  Ep. 


9.  Since  p({xn}_-  {pn})  =  0  if  <f({a:„},  {pn})  =  0,  we  have  that 
(£p/ker(d))/ker(p)  =  £*/ker(p),  and  therefore,  (£*/ker(d))/ker(p)  =  Ep. 


10.  Let  us  now  consider  two  seminorms  p,q  on  E,  such  that  p  <  q. 
Since  every  q-  Cauchy  sequence  is  also  a  p—  Cauchy  sequence,  we  have  that 
E *  C  Ep  and  also  ££/ker(d)  C  Ep/ker(d).  So,  the  identity  injection 

b,i  ’  Eq  —>  Ep 

is  a  1-1  continuous  mapping. 

The  ”1-1”  property  fails  to  hold  in  the  case  of  the  map 


as  we  pointed  out  in  3.4.  Even  if  p,q  are  norms,  ip<q  may  not  be  1-1  because 
two  or  more  classes  in  Eq  may  be  mapped  in  a  same  class  in  Ep\  i.e,  two 
Cauchy  sequences  may  converge  to  the  same  limit  in  the  p— seminorm,  but 
to  different  limits  in  the  q-seminorm.  If  this  occurs,  we  cannot  write  Eq  C 
Ep,  which  is  important  if  we  want  to  define  n,£Pt  as  in  the  theorem  5.10 
(there  is  no  a  common  space  in  which  all  Ep,  can  be  embedded).  To  avoid 
such  a  difficulty,  it  is  suggested  (Gelfand  and  Shilov,  section  2.2.)  that  a 
compatibility  of  p  and  q  should  be  required.  We  will  now  show  that  our 
construction  by  means  of  seminorm  completion  yields  the  same  result  as  the 
classical  one  in  a  special  case  of  compatible  norms. 

11.  Definition.  If  p,q(p  <  q)  are  norms  on  E,  we  say  that  they  are 
compatible  if  any  q— Cauchy  sequence  {zn}  that  converges  to  0  in  p-norm, 
also  converges  to  0  in  <7-norm. 

12.  Theorem.  Let  (E,  r,  II,  d)  be  a  countably  Hilbert  space,  with 
II  =  {pi}^,  where  for  every  i  <  j,  p,  and  pj  are  compatible  norms.  Then 

OO  OO 

f~]  EpJker(d)  =  EPt  (3) 

i=i  i=i 

Proof:  Elements  of  the  set  on  the  left  hand  side  of  (3)  are  equivalence 
classes  of  Cauchy  sequences  in  E,  defined  in  such  a  way  that  two  Cauchy 
sequences  xn,yn  belong  to  a  same  class  if  and  only  if  d(xn  -  yn)  — *  0.  By 
Epi  C  E’2  C  . . .,  sequences  in  the  intersection  are  Cauchy  in  all  pt,  and  so 
they  are  d-Cauchy  sequences. 
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Elements  of  the  set  on  the  right  hand  side  of  (3)  are  also  equivalence 
classes  with  respect  to  ker(pi),  i.e,  two  d-Cauchy  sequences  belong  to  the 
same  class  if  and  only  if  pi(xn  -  yn )  — »  0. 

The  compatibility  of  norms  is,  indeed,  equivalent  to  ker(d)  =  ker(pi)  in 
the  space  of  all  Cauchy  sequences;  that  is  ,  if  x*  is  a  d- Cauchy  sequence 
and  p(xfc)  — *■  0  then  d(x/t)  — * •  0. 

Therefore,  (3)  is  proved. 

13.  Corollary.  Under  assumptions  of  theorem  12,  E  is  a  complete 
metric  space  if  and  only  if 

c=n^.- 

i 

Proof:  Follows  from  (3)  and  theorem  5.10. 

14.  Remark.  Let  us  give  a  simple  model  to  understand  seminorms: 
Let  E  =  #3  and  for  u  £  E  ,  u  =  (x,y,z)  let  pi(u)  =  |x|  ,  p2(u)  =  |j/|  . 
p3(u)  =  |z|.  Then  topology  r  on  E  (Euclidean  topology)  can  be  thought  of 
as  being  determined  by  Pi,P2,P3  ,  because 

un  —*  u  <=>  pi(un  -  u)  -*  0  for  i  =  1,2,3. 

We  have  that  ker(pi)  is  yOz  plane,  and  similarly  for  P2  and  p3. 

Let  un  =  (1  +  i,2  +  i,3  +  A).  Let  vx  =  (1,0,0)  ,  i>2  =  (0,2,0)  , 
vj  =  (0,0,3).  Then 


pi 

un  —  ^1 

pi 

Un  — •  V2 
Pi 

Un  — *  V3 

All  three  limit  points  are  different  ,  but  we  can  choose  v  =  (1,2,3)  . 
such  that  un  —  v  in  all  three  seminorms.  A  natural  question  one  can  ask  is 
does  it  work  this  way  in  general.  A  partial  answer  is  given  by  the  following 
lemma. 

15.  Lemma.  Let  E  be  a  topological  vector  space  with  seminorms  p.<y 
defined  on  E.  Suppose  that  p(xn  -  xp)  —  0  and  q(x„  -  xq)  — ►  0  ,  as  n  —  oc 
,  where  xn,xp,xq  £  E  .  Then  there  exists  an  xo  in  the  completion  E  of  E 
with  respect  to  p  V  q  such  that  p(xp  -  xq)  =  q(xq  -  x0)  =  0. 
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Proof:  From  p(xn  -  xp )  — ♦  0  and  q(xn  -  x0)  — *  0  we  conclude  that 
in  is  both  p—  and  q—  Cauchy  sequence.  Therefore,  i„  is  p  V  q-  Cauchy 
sequence  ,  and  there  is  io  G  E  such  that  (pVg)(x„  — xo)  — *  0  ,  which  implies 
p(x„  -  x0)  -*•  0  and  q(xn  -  x0)  -»  0.  Thus,  p(xp  -  x0)  =  q{xq  -  x0)  =  0  , 
which  had  to  be  proved. 

10.  Remark.  The  assertion  of  lemma  15  holds  regardless  of  the  way  of 
completion  (seminorm  or  norm  completion). 

17.  Corollary.  If  p  and  q  are  norms  then  p(xn  -  xp)  — ►  0  and  q(xn  — 
xg)  -*•  0  imply  xp  -  xq. 

Proof:  By  lemma  15,  these  assumptions  imply  p(xp-xo)  =  q(xg-x o)  = 
0,  and  this  implies  xp  =  Xo  =  xq. 

18.  Lemma..  Let  (E,t,  II,  d)  be  a  complete  countably  Hilbert  space 

with  seminorms  pi  <  P2  < _  Suppose  that  p,(x„  -  y,)  -♦  0  as  n  — ►  oo  , 

for  all  i.  Then  there  is  an  yo  £  E  such  that  p,(y,  -  yo)  =  0  for  all  i. 

Proof:  For  a  fixed  i  and  m  >  i  we  have: 

Pi{xn  ~  ym)  <  Pm(xn  -  Vm)  o  as  n  ►  oo. 

Using  the  assumption  p,(x„-yi)  -+  0,  we  have  p^y^j  -ym2)  =  0  if  m\,m2  > 
i. Thus,  ym  is  a  Cauchy  sequence  ;  by  completeness,  there  is  y0  =  limm  ym. 
Then 

Pi(y«  -  yo)  <  p.(y,  -  ym)  +  p,(ym  -  yo)  —  0  as  m  -f  oo 


19.  Remark.  In  5.13  we  defined  a  G-function  as  a  map  V  :  E  — *■  R+, 
such  that  for  every  n  E  N,  the  set  G  -  {x  G  E\V(x)  <  n}  is  closed.  A 
typical  example  of  a  G-function  is  a  positive  function  V  that  satisfy 

xn  — *  x  limV^x,,)  >  U(x)  (4) 

A  function  that  satisfy  (4)  with  Hm  is  called  a  lower  semicontinuous  func- 
tion.The  next  theorem  and  also  lemma  5.14  are  usually  stated  in  terms  of 
lower  semicontinuous  functions  and  taking  the  whole  space  E  instead  of  a 
ball  B  as  below. 

20.  Theorem.  Let  ( E,d )  be  a  complete  metric  space  and  let  7  be  an 

arbitrary  index  set.  Let  be  a  familly  of  G-functions.  Let  B  C  E 


be  an  open  d— ball  (B  =  {x  G  E  |  d(u, x)  <  a},  for  some  u  6  E,  a  G  R). 
Suppose  that  for  each  x  G  B,  the  set  {t/,(x)  |  i  G  E)  is  bounded.  Then 
there  is  a  ball 

Br(z)  =  {x  G  E\d(z,  x)  <  r} 
and  a  positive  constant  M  such  that 

(Vx  G  Br(z))(1i  G  I)  Ui(x)  <  M. 

Proof:  Let 

Gin  =  {xG  E\Ui(x)  <  n}. 

Since  {/,  are  G-functions,  is  a  closed  set  for  every  i  and  n.  Let 

Fn  =  Pl<3,„  n  =  1,2,.... 

«€/ 

Then  Fn  is  a  closed  set,  and  by  assumption,  U„Fn  D  B, so  fl„i^  C  Bc. 
Since  B  is  an  open  ball,  is  not  dense  in  E\  therefore,  by  Baire  theorem 
(appendix  D.ll),  there  is  a  set  F ^  which  is  not  dense  in  E ,  so  there  is  a 
ball  in  E  that  belongs  to  Fm  which  had  to  be  proved. 

21.  Corollary  Let  (E,r,  II, rf)  be  a  complete  countably  Hilbert  space. 
Then  under  assumptions  of  Theorem  20,  there  is  a  seminorm  p  G  II  ,  a  ball 
B  =  {x  G  E\p(x  -  z)  <  r}  and  a  constant  M  >  0  such  that  Ui(x)  <  M  for 
all  x  G  B  and  all  i  G  I- 

Proof:  By  Lemma  5.4,  every  d-ball  contains  a  p-ball,  and  the  assertion 
follows  directly  from  Theorem  20. 

C  Linear  functionals 


In  the  next  part  of  the  text  we  will  consider  linear  functionals  on  a  multi- 
Hilbertian  space  ( E ,  r,  II).  Although  E'p  is  a  Hilbert  space,  and  every  F  G  E'T 
belongs  to  a  E'p ,  we  cannot  a  priori  make  full  use  of  Hilbert  space  theory 
due  to  the  following  facts: 

( i )  F  is  defined  only  on  E. 

(it)  E  need  not  be  complete  with  respect  to  p, 

(iit)  p  is,  in  general,  a  seminorm. 

Fortunately  enough,  this  is  not  a  serious  nuisance.  The  only  real  difference 
that  above  facts  make  is  contained  in  the  requirement  (8)  of  corollary  2 
below. 
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Let  us  remark  that  F  is  a  linear  functional  with  respect  to  a  seminorm 
p,  if  and  only  if  (appendix  D.2)  : 

P(F)=*  sup  |(F,x)|<oo  (1) 

p(x)<l 

1.  Theorem.  Let  F  be  a  linear  functional  (not  necessarily  continuous) 
on  E.  Then  for  every  p  €  II: 

P  (F)  =  sup  |(F,x)|2  =  sup^<F,eQ|)2,  (2) 

p(*)<i  “  ,=i 

where  sup  goes  over  all  finite  p-orthonormal  sets  a=  {ea, ,  eQ2 , . . . ,  eQn  }  6  E. 
If  F  is  continuous  with  respect  to  p  then 

2  00 

P  (F)  =  £(F,e,->2  <  oo,  (3) 

i=i 

where  {ej  is  a  p-orthonormal  base  as  in  theorem  A. 3. 

Proof:  It  suffices  to  give  a  proof  for  F  0.  Let  us  first  show  that 
for  every  x  e  F,p(x)  <  1,  there  is  an  element  x0  €  E  -  ker(p)  such  that 
(F,x)2  <  (F,x 0)2  and  p(x0)  =  1. 

If  x  €  E  —  ker(p),  take  x0  =  x/p(x).  If  x  €  ker(p)  and  (F,  x)  =  0, 
then  for  xo  take  any  element  in  E  -  ker(p)  with  p(xo)  =  1.  If  x  G  ker(p) 
and  (F,  x)  -  M  >  0,  then  let  y  €  E  -  ker(p)  such  that  (F,  y)  >  0  and 
p(y)  =  1.  (To  show  that  such  an  y  exists,  it  is  enough  to  show  that  there 
is  a  z  6  E  -  ker(p)  with  (F,  z)  ^  0.  If  such  z  does  not  exists,  then  there 
must  be  an  w  6  ker(p)  such  that  (F,  w)  £  0.  Then  w  +  z  &  ker(p)  and 
(F, x  +  y)  ^  0,  which  is  a  contradiction.)  Now  take  x0  =  x  +  y  to  obtain 
p(xo)  =  p(y)  =  1  and  (F,  x o)  =  (F,  x)  +  (F,y)  >  M  by  construction.  In  the 
case  (F,  x)  <  0  we  replace  x  with  — x  and  apply  the  above  proof.  Therefore, 
we  have  just  proved 

(Vx  :  p(x )  <  l)(3x0  G  E  -  ker(p) ,  p(x0)  =  l)((F,x)2  <  (F,x0)2) 

But  every  xo  with  p(xo)  =  1  can  be  a  member  of  some  orthonormal  set; 
therefore,  for  every  x  such  that  p(x)  <  1  we  have 

(F,x)2  <  sup  £(F,e0,)2 

“  .=1 
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and 


(4) 


To  show  the  converse  inequality,  let  a  =  (eQl,eQ2,. . .  ,eQn)  be  a  fixed  or¬ 
thonormal  system. Define 


_  _  Hk=l  (F,  eatk)eak 

a  (ELi<*>«*>2)1/2 

Then  p(xa)  =  1  and 

(F,xay  =  j2(F,eak)\ 

k=  1 

This  shows  that  for  every  a 


?2 

k=  1 

and,  therefore, 

P  (F)  >  sup  £(F,eak}2  (5) 

a  fcTi 

Inequalities  (4)  and  (5)  together  give  the  desired  equality  (3). 

For  the  second  part,  note  that  if  F  is  continuous  with  respect  to  p,  then 
P  ( F )  <  oo  and 


|<F,x>|  =  \(F,  ~f—)\p(x)  <  sup  \{F,x)\p(x) 
P(x)  p(r)<  1 

=  P  ( F)p{x ) 


So,  we  have  for  x  =  p(x,e;)e;  +  r: 

l(F,x)  -  (F,^p(z,ei)e,)|  <P  (F)p(x  -  ^p(z,e,)e,), 

i=i  i=i 

and  by  theorem  A. 3, the  righthand  side  above  tends  to  0  as  n  — ►  oo  .  Hence 
we  have: 


|(F»|  =  ,lhn)|(F,^p(x,e,)e,)| 

t=  l 
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2.  Corollary  Let  F  be  a  linear  functional  defined  on  E.  Then  F  6  E'p 
if  and  only  if 

n 

sup^(£,ea,)2  <  oo,  (6) 

°  ,=i 

and  if  and  only  if  the  following  two  conditions  are  both  satisfied: 

OO 

]T(F,et)2  <  oo,  (7) 

i=i 

where  {e*}  is  a  p-orthonormal  base  as  in  theorem  A. 3,  and 

(Vx€£)(p(*)  =  0=>(/\x)  =  0).  (8) 

Proof:  The  condition  (6)  follows  directly  from  the  previous  theorem 
and  (1),  cis  well  as  the  necessity  of  (7)  and  (8).  So,  let  us  assume  that 
(7)  and  (8)  hold.  Then  let  xn  be  a  p-null  sequence  in  E ,  i.e.  xn  —  0  in 
p-seminorm.  By  Theorem  3  we  have 

■J-n  =  ^  T  ipi^n)  ~~  0), 
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and  using  (7)  and  (8),  we  have: 


(F,xny  =  (£a,n<F,e,»2 

<  (Hain)(H(^e,)2) 

=  ?2(xn)(^2(F 'e»)2)  “*■  0) 

which  ends  the  proof. 

3.  Remark.  Let  us  note  that  (6)  is  not  a  consequence  of  (7)  without 
(8):  Suppose  that  (7)  holds,  and  there  is  a  x0  €  ker(p),  (F,x 0)  =  K  y  0. 
Define  another  p-orthonormal  base  by  /,  =  e,  +  x0.  Then  J2{F,  fi )2  =  oo, 
and  (6)  is  clearly  violated.  As  an  actual  example,  take  the  space  of  all 
real  valued  bounded  functions  with  a  seminorm  p(/)  =  |/(0)|  and  a  linear 
functional  F  defined  by  (F,f)  =  /( 1). 

4.  Theorem.  Let  (E,t,  II)  be  a  multi-Hilbertian  space,  Suppose  that 
a  metric  d  is  defined  by  means  of  countably  many  seminorms  in  II,  and  let 
p  e  II  be  one  of  these  seminorms.  Then 

E'p*(E;y*(E;/ket(d)y*(Epy,  o) 

where  X  =  Y  means  that  there  is  an  isometrical  and  isomorphic  mapping 
between  X  and  y,  which  is  1-1  and  onto. 

Proof:  We  shall  firstly  prove 

(£p/ker(p))'  2  E'p  (10) 


and 


(Fp/ker(p))'*(Fp/ker(p))',  (11) 

so  these  two  relations  will  lead  to  Ep  =  (Ep)'. To  prove  (10)  ,  let  n  :  E'  — 
(Ep/  ker(p))'  be  defined  by  ir(F)  =  F„  ,  (Fn,x  +  ker(p))  =  (F,x).  This 
mapping  is  well  defined  because  ,  by  the  continuity  of  F  it  follows  that 
P(x  ~  y)  =  0  =>  (F,x)  =  (F,y).  Further,  it  is  obviously  1-1  map  and  onto. 
By  it(qF  +  (3G )  =  a7r(F)  +  f3ir(G),  it  is  an  isomorphic  map.  Finally  ,  it  is 
an  isometry  by 


sup  |(F,x)|=  sup  KFr,!  +  ker(p))|. 
p(r)<l  p(x+ker(p))<l 
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(11)  is  a  consequence  of  a  more  general  relation:  If  X  is  a  dense  subspace 
of  a  semi-normed  vector  space  Y,  then  X'  =  Y'.  Namely,  by  Hahn- Banach 
theorem  (see  appendix  D.4),  every  linear  functional  F  defined  on  X  can 
be  extended  to  7;  by  denseness  of  X  in  Y,  this  extension  is  unique  and 
preserves  the  norm  of  F. 

The  rest  of  (9)  can  be  proved  in  a  similar  way,  using  theorem  B.2  and 
lemmas  B.4  and  B.8. 

D  References 


In  addition  to  listing  bibliographical  items,  we  state  the  results  that  we  used 
in  this  paper. 

1.  In  a  topological  vector  space  X,  every  neighborhood  U  of  zero  has 
the  following  property: 


(Vx  €  X)(3X  €  R)  (Ax  6  U) 

[Treves,  theorem  3.1] 

2.  Let  £  be  a  topological  vector  space  with  a  seminorm  p.  Let  F  be  a 
linear  functional  on  E.  Then  F  is  continuous  if  and  only  if 

sup  |(F,  x)  <  oo 

p(x)<l 

[Yosida,  1.6.1] 

Proofs  of  following  6  statements  can  be  found  in  Rudin  (theorems  2.8. 
3.3,3.4,3.15,3.16,3.18). 

3.  ( Banach-Steinhaus )  Let  ( E,d )  be  a  complete  metric  space  and  let  Fn 
be  a  sequence  of  linear  continuous  functionals  defined  on  E,  such  that 

/(x)  =  iim  (Fn,x) 

n — *oo 

exists  for  every  x  €  E.  Then  /  is  a  continuous  linear  functional  on  E. 

4.  (Hahn- Banach)  Suppose  M  is  a  subspace  of  a  vector  space  E,  and  p 
is  a  seminorm  on  E.  Let  /  be  a  lineear  functional  on  M  such  that 

l(/,*)l  <  cp(x)  (x  G  M). 
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Then  /  can  be  extended  to  a  linear  functional  F  on  E  that  satisfies 


(*»  =  (/.*)  (x  £  M) 
\(F,x)\<cp(x)  (xeE) 


5.  ( Hahn-Banach )  Let  A  and  B  be  disjoint  nonempty  convex  sets  in  a 
Hausdorff  topological  vector  space  E.  If  A  is  open,  then  there  is  a  linear 
continuous  functional  F ,  defined  on  E ,  such  that 

(F, x)  <a<  ( F,y ), 

for  every  x  £  A,y  £  B  and  some  a  £  R. 

0.  ( Banach- Alaoglu)  Let  V  be  a  neighborhood  of  0  in  a  topological 

vector  space  E  and  let 

K  =■  {F  £  E'  \  |{.F,  z)|  <  1  for  every  x  £  V}. 

Then  K  is  a  w-*  compact  set. 

7.  Let  E  be  a  separable  topological  vector  space,  and  let  K  £  E'  be  a 
w-*  compact  set.  Then  K  is  metrizable  in  the  w-*  topology. 

8.  Let  £  be  a  locally  convex  topological  vector  space.  We  say  that 
the  set  B  £  E  is  (strongly)  bounded  if,  for  any  neighborhood  U  of  0  there 
is  a  A  £  R  such  that  A B  C  U.  We  say  that  B  is  weakly  bounded  if  for  any 
F  £  E ',  the  set  {(F,  x)  |  x  £  B)  is  bounded. 

Any  set  B  C  E  is  (strongly)  bounded  if  and  only  if  it  is  weakly  bounded. 


The  following  two  results  are  taken  from  Yosida  (III. 6). 

9.  ( Riesz )  Let  H  be  a  Hilbert  space  with  an  inner  product  p(-,-)  and  the 
norm  p(-),  and  let  F  be  a  continuous  linear  functional  on  H .  Then  there  is 
a  uniquelly  determined  y  £  H  such  that  for  every  x  £  II, 

(F,x)  =  p(y,x) 
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10.  Under  the  assumptions  of  previous  lemma,  if  for  a  continuous 
linear  functional  F 

P(F)=  sup  |(F,x)|, 
p(*)<i 

then  for  every  x  6  H: 

p(x)  =  ~ sup  I (F,x)\ 

P(F)<  1 


11.  (Baire  category  theorem )  If  E  is  a  complete  metric  space,  then  the 
intersection  of  every  countable  collection  of  dense  open  subsets  of  E  is  dense 
in  E. 

[Rudin,  theorem  2.2] 
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